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1. INTRODUCTION

In medical research, count variables with many zeros are pervasive. Models that deal
with and analyze a high proportion of zeros are known as zero-inflated models. Heilbron
(1994) and Hu et al. (2011) performed Hurdle models for modeling zero-inflated data. Also,
the zero-inflated negative binomial (ZINB) regression is used for count data that exhibit
overdispersion and excess zeros. In general, zero-inflated power series distributions are ap-
plied to assess the excess of zeros (Luna et al., 2020). Gupta et al. (1996) have studied
zero-inflated modified power series distributions along with their applications for simulated
data. Murat and Szynal (1998) considered non-zero-inflated modified power series distri-
butions and extended the results of Gupta et al. (1996). Neelon et al. (2010) discussed a
Bayesian paradigm for the ZIP and ZINB models for analyzing the data set of a study of
psychiatric outpatient services. Rose et al. (2006) discussed the application of the ZI and
Hurdle models for longitudinal studies concerning vaccination safety. Patil and Shirke (2007)
studied different aspects of the zero-inflated power series distributions. Bekalo and Kebede
(2021) considered the ZIP, ZINB, and Hurdle models, to observe whether there is any effect
of the proportion of zeros in the performance of the models with the given overall rate of
the counts. Feng (2021) reviewed the zero-inflated and hurdle models and highlighted their
differences in terms of their data-generating processes. Young et al. (2021b) surveyed the
developments in handling zero inflation for correlated count settings. Baghfalaki et al. (2021)
discussed the approximate Bayesian approach for zero-inflated longitudinal models.

In longitudinal studies, data are collected repeatedly for the same set of units on more
than one occasion. Random effect models have often been used in longitudinal data analysis
since they allow for association among repeated measurements due to unobserved hetero-
geneity. To take into account the correlation among repeated measurements for each subject,
zero-inflated count models with random effects have been developed. For example, a random
effect was used to account for the within-subject dependency in the Poisson part of the ZIP
model (Hall, 2000). Min and Agresti (2005) proposed a random effect model to analyze the
ZI longitudinal count data. Lee et al. (2006) incorporated shared subject-specific random
effects in each part of the zero-inflated model to account for zero-inflation and overdispersion
within longitudinal count measurements.

Variable selection is an essential part of regression modeling for longitudinal data be-
cause many variables are measured and it is common in practice to include only a subset
of important variables in the model. Zeng et al. (2014) discussed a variable selection ap-
proach for zero-inflated count data analysis based on the adaptive lasso technique. Mitchell
and Beauchamp (1988) assumed that the regression coefficients were mutually independent
with a two-point mixture distribution made up of a uniform flat distribution (the slab) and
a degenerate distribution at zero (the spike). George and McCulloch (1993) used a different
prior for the regression coefficients. This involved a scale (variance) mixture of two normal
distributions. In particular, the use of a normal prior was instrumental in facilitating efficient
Gibbs sampling of the posterior. This made spike and slab variable selection computation-
ally attractive and heavily popularized the method. Normal-scale mixture priors constitute a
wide class of models termed spike and slab models (Ishwaran and Rao, 2005). Spike and slab
models are extended to the class of re-scaled spike and slab models (Ishwaran and Rao, 2005).
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Lee et al. (2020) developed a Bayesian variable selection model for multivariate count data
with excess zeros that incorporates information on the covariance structure of the outcomes.
Garćıa-Donato et al. (2021) introduced the basic concepts of the Bayesian approach for vari-
able selection based on model choice. Young et al. (2021a) studied some of the classic and
contemporary literature on parametric zero-inflated count regression models. Gu et al. (2020)
studied Bayesian variable selection in high dimensional data sets while simultaneously ac-
counting for the error-prone nature of self-reported outcomes. Ji and Shi (2020) presented
a Bayesian analysis of linear mixed models for quantile regression based on a Cholesky de-
composition of the covariance matrix of random effects. Miao et al. (2020) considered lin-
ear regression models for count data, specifically negative binomial regression models and
Dirichlet-multinomial regression models, they also addressed variable selection criteria via
the use of spike-and-slab priors on the regression coefficients. Alsalim and Baghfalaki (2021)
discussed new variable selection methods for the power series, specifically ZIP and ZINB
transition models using LASSO, MCP, and SCAD penalties for analyzing longitudinal count
data with extra zeros.

In this paper, we focus primarily on Bayesian approaches for variable selection that use
spike and slab priors in the zero-inflated power series (ZIPS) model. For posterior inference,
we apply MCMC methods via Gibbs sampling, and a test for variable selection of regression
coefficients is considered by using both a local Bayesian false discovery rate and a Bayes factor
procedure. After checking the performance of the proposed model using some simulation
studies, we apply the proposed method to analyze the RAND health insurance experiment
data.

This paper is organized as follows. Section 2 is a review of ZIPS distributions and
the use of these distributions for analyzing zero-inflated longitudinal data. Also, this section
includes some notation and definitions of models. Section 3 includes the likelihood functions,
the Bayesian variable selection method, using spike and slab priors, and the test for variable
selection of the regression coefficients. In Section 4, some simulation studies are performed.
In Section 5, after describing the RAND health insurance experiment data, the data is ana-
lyzed using the proposed approaches. The last Section includes some conclusions.

2. MATERIALS AND METHODS

2.1. Notation

Let Yij , i=1, ..., n and j =1, ..., T , be the longitudinal measurements for the i-th indi-
vidual at the j-th time point. The ZIPS model is given as follows:

P
(
Yij = yij |µij , πij

)
=

 (1− πij) p(Yij = yij |µij), yij = 1, 2, ...,

πij + (1− πij) p(Yij =0 |µij), yij = 0,
(2.1)
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where p(Yij = yij |µij , πij) is a member of the power series (PS) family with the general form
of

byij µ
yij

ij

f(µij)
, yij = 0, 1, ..., i = 1, ..., n, j = 1, ..., T,(2.2)

where byij > 0, µij is positive and f(µij) =
∑∞

yij=0 byij µ
yij

ij is a finite and differentiable function
of µij . The Poisson distribution and the negative binomial distribution belong to the PS
distributions with byij = 1

yij !
, f(µij) = exp (µij), byij = Γ(yij+θ)

Γ(yij+1) , and f(µij) = Γ(θ)(1−µij)−θ,
respectively, where θ > 0 is an overdispersion parameter for negative binomial model. For
considering ZIPS random effects models µij and πij , i=1, ..., n, j =1, ..., T , are considered as
follows:

log(µij) = xxx′ijβββj + κ′i1bbbi1,

logit(πij) = zzz′ij αααj + κ′i2 bbbi2,(2.3)

where βββ = (β1, ···, βp)′ and ααα = (α1, ···, αq)′ are the outcome-specific vectors of fixed-effect
regression coefficients. Also, κκκ1 and κκκ2 are, respectively, q1-dimensional and q2-dimensional
explanatory variables. The random effects bbbi = (bbbi1, bbbi2)′, i = 1, ..., n, characterize the unob-
served characteristics that are associated with the mean count for time j of subject i such
that bbbi ∼ Nq1+q2(000,DDD), where NK(000,DDD) denotes a K-variate normal distribution with mean 000
and covariance matrix DDD.

2.2. Bayesian variable selection for ZIPS random effects model

We complete the Bayesian formulation of the proposed framework by specifying prior
distributions for the unknown parameters. To facilitate outcome-specific variable selection,
we adopt spike and slab priors for the regression parameters of equation (2.3). A spike and
slab prior is a mixture of spike and slab distributions, where the spike is a distribution with its
mass concentrated around zero and the slab is a flat distribution spread over the parameter
space. The spike component, representing a null effect, can be either a positive mass at zero
(Dirac spike, DS, Lee et al., 2020; Xu and Ghosh, 2015) or a normal distribution with mean
zero and a small variance (continuous spike, CS, George and McCulloch, 1993). In DS, a point
mass at zero represents the prior belief that the coefficient in the regression equation is zero
and the corresponding predictor has no relevance to the outcome, but in CS, each predictor’s
coefficient is modeled as coming from a mixture of two normal distributions with different
variances: one with a density concentrated around zero, the other with a density spread out
over large plausible values. Thus, unlike DS, it allows for ‘almost zero’ regression coefficients
which is a much more realistic assumption than assuming that a predictor has absolutely
no effect on the outcome. The slab component represents a non-null effect. Mitchell and
Beauchamp (1988) introduced this type before facilitating variable selection by constraining
regression coefficients to be zero or not. Such a prior has been widely used in the context of
Bayesian stochastic search variable selection (George and McCulloch, 1993). Figure 1 shows
graphical examples of the CS and DS priors; slab densities are colored red and spike densities
are colored blue.
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Figure 1: Example of the continuous spike (a) and the Dirac spike priors (b).

2.2.1. Continuous spike

The hierarchical setup of the zero-inflated random effects power series with CS prior
(George and McCulloch, 1993; Baghfalaki et al., 2021) for the regression coefficients of rate
and probability models is given by:

Yij |bbbi ∼ ZIPS(πij , µij , aaa),

bbbi ∼ N2(000, DDD),

βk | ζk, σ
2
βk

∼ ζk N(0, σ2
βk

) + (1− ζk) N(0, τ2
βk

) , k = 1, ..., p,

τ2
βk
| c1k, c2k ∼ IG(c1k, c2k),

ζk |λβk
∼ Ber(λβk

),

λβk
| f1k, f2k ∼ Beta(f1k, f2k),

αl |ωl, σ
2
αl

∼ ωl N(0, σ2
αl

) + (1− ωl) N(0, τ2
αl

) , l = 1, ..., q,

τ2
αl
| d1l, d2l ∼ IG(d1l, d2l),

ωl |λαl
∼ Ber(λl),

λαl
|m1l,m2l ∼ Beta(m1l, m2l),

DDD ∼ IWishart(r, ΨΨΨ),

aaa ∼ π(aaa),(2.4)

where ζζζ = (ζ1, ···, ζp)′, ωωω = (ω1, ···, ωq)′ are vectors of binary latent variables indicating the
membership of each regression coefficient to one of the mixture components, such that if
ζk = 1, then βk ∼ N(0, σ2

βk
), otherwise, βk ∼ N(0, τ2

βk
) and its components can be considered

non-zero values for large values of τ2
βk

and aaa are the other parameters. The values of σ2
βk

and
σ2
αl

should be small (e.g. 10−3 or 10−4). By these conditions, N(0, σ2
βk

) and N(0, σ2
αl

) lead us
to a spike prior. The values of c1k and c2k are considered such that τβk

is large enough to yield
a slab prior. ZIPS(·, ·, ·) is used to denote a zero-inflated power series random effects model,
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IG(·, ·) denotes an inverse gamma distribution, Beta(·, ·) denotes a beta distribution, Ber(·)
is used to denote a Bernoulli distribution, π(aaa) denotes the prior of aaa; for example, a > 0 is
an overdispersion parameter in the ZINB model, and the π(a) = Γ(r1, r2) where Γ(·, ·) de-
notes a gamma distribution and IWishart(r,ΨΨΨ) denotes an inverse Wishart distribution with
parameters degrees of freedom r and scale matrix ΨΨΨ. Note that the natural conjugate prior
to the multivariate normal distribution is the inverse Wishart distribution (Barnard et al.,
2000). Due to its conjugacy, this is the most common prior implemented in the Bayesian
paradigm. However, this prior has issues: the uncertainty for all variances is controlled by a
single degree of freedom parameter (r) (Gelman et al., 2013), the marginal distribution for
the variances has a low density in a region near zero (Gelman, 2006), and there is a prior
dependence between correlations and variances (Tokuda et al., 2011). These characteristics
of the prior can impact posterior inferences about the covariance matrix. Here, the hyper-
parameters are chosen to be uninformative in the simulation study and application sections
chosen to be uninformative.

2.2.2. Dirac spike

The hierarchical setup of zero-inflated random effects power series with a DS prior (Lee
et al., 2020; Xu and Ghosh, 2015) for the regression coefficients of rate and probability models
is given by:

Yij |bbbi ∼ ZIPS(πij , µij , aaa),

bbbi ∼ N2(000, DDD),

βk | γk, σ
2
βk

∼ γk δ0(βk) + (1− γk) N(0, σ2
βk

) , k = 1, ..., p,

σ2
βk

∼ IG(c1k, c2k),

γk ∼ Beta(f1k, f2k)

αl | νl, σ
2
αl

∼ νl δ0(αl) + (1− νl) N(0, σ2
αl

) , l = 1, ..., q,

σ2
αl

∼ IG(d1l, d2l),

νl ∼ Beta(m1l, m2l),

DDD ∼ IWishart(r,ΨΨΨ),

aaa ∼ π(aaa),(2.5)

where δ0(·) denotes a Dirac mass at 0, such that δ0(βk) = 1 if βk = 0 and δ0(βk) = 0 if βk 6= 0
and the other notations are the same as those described for CS.

3. STATISTICAL INFERENCE

Our inference is based on Metropolis–Hastings within Gibbs samplers because the full
conditional distributions of the regression coefficients and the random effects do not have
closed forms. The full conditional posterior distributions of all parameters and for all models
are presented in supplementary materials A and B for CS and DS, respectively. A local
Bayesian false discovery rate and a Bayes factor are proposed to perform the test of checking
the significance of the regression coefficients (Efron, 2012).
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3.1. Bayesian implementation

3.1.1. Continuous spike

Let θθθ =
(
bbb, DDD, aaa, {βk, σ

2r
βk

, ζk, λβk
}p

k=1, {αl, σαl
, ωl, λαl

}q
l=1

)
be the vector of all the un-

known parameters in the model, yyy = (yyyi, ···, yyyn)′, xxx = (xxx1, ···,xxxn)′, πππ = (π1, ···, πn)′, µµµ =
(µ1, ···, µn)′, yyyi = (yi1, ···, yiT )′, xxxi = (xi1, ···, xip)′ and zzzi = (zi1, ···, ziq)′. The likelihood
function of the model can be written as:

L(θθθ |yyy,xxx,πππ,µµµ) =
n∏

i=1

T∏
j=1

{
(1− πij) p(Yij = yij |µij)

}1−I(yij)

×
{
πij + (1− πij) p(Yij =0 |µij)

}I(yij),(3.1)

where

I(Yij) =

{
0, yij = 1, 2, ...,

1, yij = 0.

The joint posterior distribution of the unknown parameters is as follows:

π(θθθ |yyy,xxx) ∝ L(θθθ |yyy,xxx,πππ,µµµ)× p(βββ |τττ2
1, ζζζ,λλλ1)× p(τττ2

1)× p(ααα |τττ2
2,ωωω,λλλ2)× p(τττ2

2)× p(bbb |DDD)

× p(DDD)× p(ζζζ |λλλ1)× p(ωωω |λλλ2)× p(λλλ1)× p(λλλ2)× p(aaa)

∝
n∏

i=1

T∏
j=1

{
(1− πij) p(Yij = yij |µij)

}1−I(yij) {
πij + (1− πij) p(Yij =0 |µij)

}I(yij)

× φ(bbbi,000,DDD) |DDD|
−(r+2+1)

2 exp
(
−DDD−1ΨΨΨ

2

)
×

p∏
k=1

ζk φ(βk, 0, σ2
βk

) + (1− ζk) φ(βk, 0, τ2
βk

) τ2c1k−1
βk

exp
(
− c2k

τ2
βk

)

×
q∏

l=1

ωl φ(αl, 0, σ2
α) + (1− ωl) φ(αl, 0, τ2

α) τ2d1l−1
αι exp

(
−d2l

τ2
αl

)

×
q∏

l=1

(λαl
)ωl (1− λαl

)1−ωl

p∏
k=1

(λβk
)ζl (1− λβk

)1−ζl

×
p∏

k=1

(λβk
)f1k−1 (1− λβk

)f2k−1
q∏

l=1

(λαl
)m1l−1 (1− λαl

) π(aaa),

where λλλ1 = (λβ1 , ···, λβp)
′ and λλλ2 = (λα1 , ···, λαq)′. For applying MCMC methods, the full

conditional posterior distributions of all the unknown parameters for this model are computed
and presented in supplementary material A.

3.1.2. Dirac spike

Let θθθ =
(
bbb, DDD, aaa, {βk, σ

2
βk

, γk}p
k=1, {αl, σ

2
αl

, νl}q
l=1

)
be the vector of all the unknown pa-

rameters in the model, yyy = (yyyi, ···, yyyn)′, xxx = (xxx1, ···,xxxn)′, πππ = (π1, ···, πn)′, µµµ = (µ1, ···, µn)′,
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yyyi = (yi1, ···, yiT )′, xxxi = (xxxi1, ···,xxxip)′ and zzzi = (zzzi1, ···, zzziq)′. The joint posterior distribution
of all unknown parameters, given data, is as follows:

π(θθθ |yyy,xxx) ∝ L(θθθ |yyy,xxx,πππ,µµµ)× p(βββ |γγγ,σσσ2
1)× p(σσσ2

1)× p(ααα |ννν,σσσ2
2)× p(σσσ2

2)× p(bbbi |DDD)

× p(DDD)× p(γγγ)× p(ννν)× p(aaa)

∝
n∏

i=1

T∏
j=1

{
(1− πij) p(Yij = yij |µij)

}1−I(yij) {
πij + (1− πij) p(Yij =0 |µij)

}I(yij)

× φ(bbbi,000,DDD) |DDD|
−(r+2+1)

2 exp
(
−DDD−1ΨΨΨ

2

)
×

p∏
k=1

γk φ(βk, 0, σ2
βk

) + (1− γk) δ0(βk) σ2c1k−1
βk

exp
(
− c2k

σ2
βk

)

×
q∏

l=1

νl φ(αl, 0, σ2
αl

) + (1− νl) δ0(α) σ2d1l−1
αι exp

(
−d2l

σ2
αl

)

×
p∏

k=1

γf1k−1
k (1− γk)f2k−1

q∏
l=1

νm1l−1
l (1− νl)m2l−1 π(aaa),

where σσσ2
1 = (σ2

β1
, ···, σ2

βp
)′, σσσ2

2 = (σ2
α1

, ···, σ2
αq

)′, γγγ = (γ1, ···, γp)′ and ννν = (ν1, ···, νq)′. For ap-
plying MCMC methods, the full conditional posterior distributions of all the unknown pa-
rameters for this model are computed and presented in supplementary material B.

3.2. Variable selection

In the following, we propose some strategies to select variables in the rate and proba-
bility models.

3.2.1. Continuous spike

Let θθθ(r), r = 1, ...,M , be M generated samples from the full conditional distributions
of CS using MCMC. We first define a test for checking the significance of the parameters, as
follows:

H0k : ζk = 0 versus H1k : ζk 6= 0 , k = 1, ..., p,

H0l : ωl = 0 versus H1l : ωl 6= 0 , l = 1, ..., q.(3.2)

Both a local Bayesian false discovery rate and a Bayes factor procedure are applied to perform
this test.

Local Bayesian false discovery rate

Let p(H0k |βk, σ
2
βk

) be the posterior probability of the null hypothesis, i.e., the proba-
bility of making a false discovery for a non-null effect, which is called the local Bayesian false
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discovery rate for data (denoted by LBFDR). The phrase “local” comes from a single point 0
as the domain of the null hypothesis test (Efron, 2012). Note that small values of LBFDR
show strong evidence for the existence of a substantive effect. For computing LBFDR for
each of the regression coefficients, we have

LBFDRk = P
(
H0k |βk, σ

2
βk

)
= P

(
ζk =0 |βk, σ

2
βk

)
≈ 1

M

M∑
r=1

P
(
ζk =0 |β(r)

k , σ
2(r)
βk

)
, k = 1, ..., p,

LBFDRl = P
(
H0l |αl, σ

2
αl

)
= P

(
ωl =0 |αl, σ

2
αl

)
≈ 1

M

M∑
r=1

P
(
ωl =0 |α(r)

l , σ2(r)
αl

)
, l = 1, ..., q,(3.3)

where
(
β

(r)
k , σ

2(r)
βk

, α
(r)
l , σ

2(r)
αl

)
denotes the r-th generated sample of

(
βk, σ

2
βk

, αl, σ
2
αl

)
using the

MCMC for r = 1, ...,M .

Bayes factor

The Bayes factor for each of the regression coefficients for testing (3.2) is defined as

BFk =
P

(
H1k |βk, σ

2
βk

)
/P

(
H1k

)
P

(
H0k |βk, σ

2
βk

)
/P

(
H0k

) ,

BFl =
P

(
H1l |αl, σ

2
αl

)
/P

(
H1l

)
P

(
H0l |αl, σ2

αl

)
/P

(
H0l

) ,(3.4)

which describes the evidence of H1k (H1l) against H0k (H0l). Note that P (ζk) = E(λβk
) =

f1k
f1k+f2k

and P (ωl) = E(λαl
) = m1l

m1l+m2l
. Also, since LBFDRk = P (H0k |βk, σ

2
βk

) and LBFDRl =
P (H0l |αl, σ

2
αl

),

BFk =
1− LBFDRk

LBFDRk
× f1k

f1k + f2k
,

BFl =
1− LBFDRl

LBFDRl
× m1l

m1l + m2l
.(3.5)

Unlike LBFDR, a large value of BF indicates strong evidence in favor of H1k (H1l).

3.2.2. Dirac spike

The same as those discussed for CS, let θθθ(r), r = 1, ...,M , be M generated samples
from the full conditional distributions of DS using MCMC. The global test for checking DS
is defined by:

H0k : βk = 0 versus H1k : βk 6= 0 , k = 1, ..., p,

H0l : αl = 0 versus H1l : αl 6= 0 , l = 1, ..., q.(3.6)
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Local Bayesian false discovery rate

In this status, the following proposition gives insight into simplifying equation (3.6).
Define indicator variables: I1k, I2l, k = 1, 2, ..., p, l = 1, 2, ..., q, such that

I1k =

{
1, βk 6= 0,

0, βk = 0,

I1l =

{
1, αl 6= 0,

0, αl = 0.
(3.7)

Also, consider the hierarchical model (2.5), thus,

LBFDRk = P
(
βk =0 |γk, σ

2
βk

)
≈ 1

M

M∑
r=1

P
(
βk =0 |γ(r)

k , σ
2(r)
βk

)
,

LBFDRl = P
(
αl =0 |νl, σ

2
αk

)
≈ 1

M

M∑
r=1

P
(
αl =0 |ν(r)

l , σ2(r)
αl

)
.(3.8)

Bayes factor

The Bayes factor for each of the regression coefficients for DS is given by

BFk =
P

(
βk 6=0 |γk, σ

2
βk

)
/P

(
βk 6=0

)
P

(
βk =0 |γk, σ

2
βk

)
/P

(
βk =0

) ,

BFl =
P

(
αl 6=0 |νl, σ

2
αl

)
/P

(
αl 6=0

)
P

(
αl =0 |νl, σ2

αl

)
/P

(
αl =0

) ,(3.9)

we have P (βk) = E(γβk
) = f1k

f1k+f2k
and P (αl) = E(ναl

) = m1l
m1l+m2l

. Thus the Bayes factor for
DS is the same as that of equation (3.5).

4. SIMULATION STUDIES

In this section, some simulation studies are performed to investigate the performance
of the proposed methods. For this purpose, the data is generated from random effects models
under ZIP and ZINB. The sample sizes n =500 and 1000 with T =6 repeated measurements,
p = 15, and q =10 predictors are considered. Also, we consider 40000 MCMC iterations,
including 20000 pre-convergence burn-in. The convergence of the chains is checked using
Brooks–Gelman–Rubin (BGR) diagnostics (Brooks and Gelman, 1998; Gelman and Rubin,
1992). Also, some figures are given in supplementary material E for checking the convergence
of the proposed model visually. The simulation studies are performed for M =100 replications.
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For comparison of the results, relative bias (Rbias) and the root of the mean squared error

(RMSE) are computed, these are defined as Rbias(θ) =
¯̂
θ

θ
− 1, RMSE(θ) =

√PM
r=1(θ̂r−θ)2

M ,

where θ̂r is the estimated value of parameter θ for the r-th simulation run, M is the number

of simulation runs, and ¯̂
θ =

∑M
r=1 θ̂r

M
.

To investigate the performance of the proposed approaches in variable selection, we
consider the true positive rate (TPR), the false positive rate (FPR), and the Matthews
correlation coefficient (MCC) criteria (Matthews, 1975). The latter is defined as follows:

MCC =
TP×TN− FP×FN√

(TP + FP) (TP + FN) (TN + FP) (TN + FN)
,(4.1)

where TP is the number of true positives, TN is the number of true negatives, FP is the
number of false positives, and FN is the number of false negatives. The MCC and TPR are
expected to reach 1, and the FPR is expected to be near zero for a good performance.

4.1. Zero-inflated Poisson random effects model

We consider a ZIP random effects model, such that Yij |µij , πij ∼ ZIP(µij , πij) is used
to denote it, where µij and πij are considered the same as equations (2.3). For this simulation
study, the explanatory variables xxx and zzz are randomly drawn from multivariate normal distri-
butions N15(000, III) and N10(000, III), respectively. Also, four scenarios are considered for the real
values of ααα and βββ these scenarios are different for the real values of the regression coefficients:

Scenario 1: βββ = (1, ···, 1︸ ︷︷ ︸
5

, 0, ···, 0︸ ︷︷ ︸
10

)′,

ααα = (1, ···, 1︸ ︷︷ ︸
5

, 0, ···, 0︸ ︷︷ ︸
5

)′.

Scenario 2: βββ = (0.5, ···, 0.5︸ ︷︷ ︸
5

, 0, ···, 0︸ ︷︷ ︸
10

)′,

ααα = (0.5, ···, 0.5︸ ︷︷ ︸
5

, 0, ···, 0︸ ︷︷ ︸
5

)′.

Scenario 3: βββ = (0.5, ···, 0.5︸ ︷︷ ︸
15

)′,

ααα = (0.5, ···, 0.5︸ ︷︷ ︸
10

)′.

Scenario 4: βββ = (0, ···, 0︸ ︷︷ ︸
15

)′,

ααα = (0, ···, 0︸ ︷︷ ︸
10

)′.
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In scenario 2, the values of the regression coefficients are reduced to check if the Bayesian
approach for variable selection has a good performance after the reduction of the signals. Also,
scenario 3 was simulated to represent cases in which all the covariates had non-zero effects,
and scenario 4 was simulated to represent cases in which all the covariates had zero effects.
Also, the real value for the covariance of the random effects is as follows:

DDD =
[

1 0.1
0.1 1

]
.

For DS and CS, we set the hyperparameters to c1k = 0.01, c2k = 0.01, d1l = 0.01, d2l = 0.01,
f1k = 1, f2k = 1, m1l = 1, m2l = 1, k = 1, ..., p, l = 1, ..., q, also for CS, we set σ2

βk
= σ2

αl
=

10−4 and the hyperparameters of inverse Wishart distribution are considered as r = 3 and

ΨΨΨ =
[
1 0
0 1

]
, so that the priors are low-informative (Gu et al., 2020; Gelman, 2006). The

results of this simulation study are reported as follows:

Continuous spike. The results of this simulation study are reported in Tables 1 and 2
for scenario 1 and Tables C.1 and C.2 for scenario 2 of supplementary material C.
Table 1 includes estimates of posterior mean, standard errors, posterior median, RMSE,
and Rbias. The values of Rbiases and RMSEs for all the parameters are small, and
by increasing the sample size from n = 500 to n = 1000, the accuracy and efficiency of
the estimations are increased. Also, Table 2 reports TPR, FPR, and MCC, where the
results are based on threshold 1 of BF and threshold 0.05 of LBFDR. The values of
the MCC as a balanced measure between TPR and FPR, show that the performances
of BF and LBFDR are similar. Overall, the results show that all the parameters are
well estimated, and the values of the MCC show the good performance of the method
in variable selection. The values of the regression coefficients are reduced in scenario 2,
and the results of this simulation study are summarized in Tables C.1 and C.2.
The results of these tables show similar results as those of scenario 1, even with smaller
values of the signals.

Dirac spike. The results of these simulation studies are reported in Tables C.3 and
C.4 for scenario 1. In Table C.4, the value of the criteria for median thresholding
is also given. Table C.3 shows that all the parameters are well estimated; also, the
values of the MCC are given in Table C.4 and confirm that the performances of BF
and LBFDR are similar, and they are better than median thresholding. The values of
the regression coefficients are reduced in scenario 2, and the results of this simulation
study are summarized in Tables C.5 and C.6. The results of these tables show the same
results as in scenario 1.
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Table 1: Results of the simulation study of CS for generated data under the ZIP random effects
model for scenario 1. The posterior mean, the standard deviation of estimators, the
posterior median, the root of the mean squared error (RMSE), and relative bias (Rbias)
for each of the parameter estimates for M = 100 simulated data with sample sizes of 500
and 1000. The generated data are analyzed with the ZIP model (∗ : the relative bias
cannot be calculated since the real value of the related parameter is zero).

n Parameter True Mean SD Median RMSE Rbias

β1 1.000 0.991 0.044 0.993 0.004 −0.014
β2 1.000 0.959 0.046 0.959 0.003 −0.118
β3 1.000 0.966 0.043 0.968 0.004 −0.064
β4 1.000 0.923 0.044 0.925 0.003 −0.040
β5 1.000 0.989 0.044 0.990 0.000 −0.020
β6 0.000 −0.005 0.002 −0.002 0.000 ∗
β7 0.000 −0.003 0.002 −0.001 0.000 ∗
β8 0.000 −0.043 0.003 −0.044 0.002 ∗
β9 0.000 0.003 0.002 0.001 0.000 ∗
β10 0.000 0.011 0.004 0.003 0.000 ∗
β11 0.000 −0.005 0.003 −0.002 0.000 ∗
β12 0.000 0.020 0.004 0.018 0.000 ∗

500 β13 0.000 −0.031 0.004 −0.038 0.001 ∗
β14 0.000 −0.003 0.003 −0.001 0.000 ∗
β15 0.000 −0.002 0.002 −0.001 0.000 ∗
α1 1.000 0.955 0.063 0.454 0.002 −0.092
α2 1.000 0.918 0.065 0.919 0.000 −0.038
α3 1.000 0.943 0.065 0.942 0.002 −0.084
α4 1.000 0.992 0.065 0.992 0.000 −0.016
α5 1.000 0.977 0.065 0.976 0.001 −0.048
α6 0.000 0.000 0.005 0.000 0.000 ∗
α7 0.000 −0.005 0.005 −0.001 0.000 ∗
α8 0.000 0.002 0.006 0.000 0.000 ∗
α9 0.000 0.000 0.006 0.000 0.000 ∗
α10 0.000 0.016 0.009 0.002 0.000 ∗
β1 1.000 0.997 0.043 0.996 0.002 −0.008
β2 1.000 0.906 0.045 0.906 0.002 −0.012
β3 1.000 0.973 0.043 0.974 0.003 −0.052
β4 1.000 0.995 0.042 0.994 0.003 −0.052
β5 1.000 0.994 0.043 0.995 0.001 −0.010
β6 0.000 −0.007 0.002 −0.003 0.000 ∗
β7 0.000 −0.003 0.002 −0.001 0.000 ∗
β8 0.000 0.001 0.002 0.001 0.000 ∗
β9 0.000 −0.020 0.003 −0.022 0.000 ∗
β10 0.000 −0.001 0.002 0.000 0.000 ∗
β11 0.000 0.002 0.003 0.001 0.000 ∗
β12 0.000 0.001 0.002 0.001 0.000 ∗

1000 β13 0.000 0.002 0.003 0.001 0.000 ∗
β14 0.000 0.000 0.002 0.000 0.000 ∗
β15 0.000 0.000 0.002 0.000 0.000 ∗
α1 1.000 0.987 0.061 0.986 0.000 −0.028
α2 1.000 0.907 0.063 0.906 0.000 −0.012
α3 1.000 0.928 0.062 0.927 0.001 −0.054
α4 1.000 0.908 0.063 0.908 0.000 −0.016
α5 1.000 0.970 0.063 0.969 0.001 −0.062
α6 0.000 0.003 0.005 0.001 0.000 ∗
α7 0.000 0.018 0.006 0.005 0.000 ∗
α8 0.000 −0.004 0.006 −0.001 0.000 ∗
α9 0.000 −0.001 0.005 0.000 0.000 ∗
α10 0.000 0.002 0.007 0.000 0.000 ∗
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Table 2: Mean (SD) of true/false positive rate (TPR/FPR) and Matthews correlation coefficient
(MCC) of BF and LBFDR for ZINB and ZIP random effects models of Scenario 1 for CS
with M = 100 simulated data with sample sizes of 500 and 1000.

ZIP ZINB
n

BF LBFDR BF LBFDR

TPR 0.925 (0.096) 0.925 (0.096) 0.966 (0.070) 0.975 (0.061)
500 FPR 0.033 (0.038) 0.000 (0.000) 0.053 (0.021) 0.000 (0.000)

MCC 0.897 (0.106) 0.941 (0.077) 0.838 (0.088) 0.938 (0.079)

TPR 1.000 (0.000) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)
1000 FPR 0.025 (0.011) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)

MCC 0.912 (0.011) 1.000 (0.000) 1.000 (0.000) 1.000 (0.000)

4.2. Zero-inflated negative binomial random effects model

In this simulation study, we simulate data from a ZINB random effects model as follows:

Yij |µij , πij ∼ ZINB
(

φ,
φ

φ + µij
, πij

)
,

where µij and πij are considered the same as equation (2.3). The parameterization and
the real values of parameters µij and πij are the same as the set of real values and those
described for two scenarios in the previous subsection; also, we set φ = 2, 0.25. The results
of this simulation study are reported as follows:

Continuous spike. The results of this simulation study for φ = 2 are reported in
Tables 2 and C.7 for scenario 1 and Tables C.2 and C.8 for scenario 2. Also, the results
of this simulation study for φ = 0.25 are given in Tables E.1 and E.2 for scenario 1 and
in Tables E.3 and E.4 for scenario 2 of supplementary material E. The performance of
the proposed model is good in both parameter estimation and variable selection, and
this is in agreement with different values of φ.

Dirac spike. The results of this simulation studies for φ = 2 are reported in Tables
C.4 and C.9 for scenario 1 and in Tables C.6 and C.10 for scenario 2. Also, the results
of this simulation study are given in E.5 and E.6 for scenario 1 and in Tables E.7 and
E.8 for scenario 2 when φ = 0.25. The results of these tables, the same as those in CS,
show that all the parameters are estimated well and the values of the MCC show the
performance of the method for variable selection as well.

A comparison between CS and DS for variable selection in the proposed model for both
ZIP and ZINB models shows that DS performs better than CS based on values of MCC. Also,
the parameter estimates by DS are closer to the true values of the parameters than those
obtained by CS.
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4.3. Results of simulation studies for scenarios 3 and 4

A sample size of n = 500 is considered for scenarios 3 and 4, which are whole non-zero
and whole zero signals, respectively. The results of these two scenarios, which are the same
as the previous scenarios, include estimates, standard errors, posterior median, RMSE, and
Rbias. It is not possible to check the performance of the variable selection of the proposed
model by TPR, FPR, and MCC when all of the signals are significant or all of them are
non-significant. Therefore, instead, the mean and standard deviation of LBFDR and BF are
given in the tables of results for these two scenarios.

4.3.1. ZIP model

The results of this simulation study for CS prior are reported in Tables D.1 for scenario 3
and D.2 for scenario 4 of supplementary material D. The results show that all the parameters
are well estimated, and based on the mean of BF and LBFDR, all the variables are selected
for scenario 3, but none of them are selected for scenario 4.

The results of this simulation study for DS prior are reported in Table D.3 and Table D.4
for scenarios 3 and 4, respectively. The results of these tables also confirm the good perfor-
mance of the proposed model.

4.3.2. ZINB model

The results of this simulation study for CS prior are given in Table D.5 for scenario 3
and in Table D.6 for scenario 4. As with our results for the ZIP model, the results show
that the performance of the proposed model is good in parameter estimation and variable
selection. Also, for the DS prior, the results are shown in Table D.7 for scenario 3 and in
Table D.8 for scenario 4. The results of these tables also confirm the good performance of
the model in both parameter estimation and variable selection.

5. APPLICATION: THE RAND HEALTH INSURANCE EXPERIMENT

In this section, we shall analyze the RAND Health Insurance Experiment (RAND HIE)
data from Deb and Trivedi (2002). The data investigate how medical care utilization, measured
by the number of visits to a medical doctor (MD), is affected by health insurance plans, demo-
graphic characteristics, andthehealth status of patients. Thisparticulardata set consistsof 5792
participants with 20,190 observations in total. The vast majority of participants are observed
either three or five times, and each observation corresponds to data collected for the participant
in a given year. The response variable MD is the yearly count of outpatient visits to physicians,
which represents the health care utilization for the experimental subject for a specific year.
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Over 30% of the observations are zeros, motivating the use of the proposed approach. We use a
simple zero-score test for checking the zero-inflation in the data, and not having zero-inflation
in the data is rejected by a p-value of 0.000. The bar plot of this variable is presented in
Figure 2 where the zero-inflation in the data set is also implied. The insurance variables were
randomly assigned and included, an indicator variable for plans with a deductible (IDP),
a participation-incentive payment function (LPI), a maximum dollar-expenditure function
(FMDE), and other covariates including factors representing the demographic information in-
cluding a log of annual family income (LINC), gender (FEMALE), race (BLACK), education
of the head of household in years (EDUCDEC), age, an indicator for age less than 18 (CHILD),
log of the family size (LFAM), a coinsurance rate (LC), health status including an indicator
for physical limitations (PHYSLIM), index of chronic diseases (NDISEASE), fair self-rated
health (HLTHF), good self-rated health (HLTHG) and poor self-rated health (HLTHP).

Figure 2: Barplot of the number of visits to a medical doctor of rand health Insurance data.

For detailed variable definitions and summary statistics of each variable, see Table F.4 of
supplementary material D. For checking the effect of time, we let time be modeled as a
square polynomial in the rate model (Baghfalaki and Ganjali, 2021). The proposed variable
selection models are applied to analyze the data such that:

log(µij) = β0 + β1tij + β2 t2ij + β3 IDPi + β4LPIi + β5FMDEi

+ β6LINCi + β7FEMALEi + β8PHYSLMi + β9BLACKi

+ β10EDUCDECi + β11NDISEASEi + β12HLTHFi + β13HLTHGi

+ β14HLTHPi + β15AGEi + β16CHILDij + β17LFAMi + β18LCij

+ β19FCHILDij + b1i(5.1)
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and

logit(πij) = α0 + α1tij + α2 IDPi + α3LPIi + α4FMDEi

+ α5LINCi + α6FEMALEi + α7PHYSLMi + α8BLACKi

+ α9EDUCDECi + α10NDISEASEi + α11HLTHFi + α12HLTHGi

+ α13HLTHPi + α14AGEi + α15CHILDij + α16LFAMi + α17LCij

+ α18FCHILDij + b2i,(5.2)

where bbbi ∼ N2(000, DDD). The prior distributions for the unknown parameters of the ZINB and
ZIP random effects models are the same as those of the simulation study section and are
given by:

βk ∼ γk δ0(βk) + (1− γk)N(0, σ2
βk

), γk ∼ Beta(0.1, 0.1), σ2
βk
∼ IG(0.1, 0.1) , k =1, ..., 19,

αl ∼ νl δ0(αl) + (1− νl)N(0, σ2
αl

), νl ∼ Beta(0.1, 0.1), σ2
αl
∼ IG(0.1, 0.1) , l =1, ..., 18,

DDD ∼ IWishart(2,Ψ) , Ψ =
[
1 0
0 1

]
.

In the Bayesian method, two parallel MCMC chains are run with different initial values for
40,000 iterations each. Then, we discarded the first 20,000 iterations as pre-convergence burn-
in and retained 20,000 for the posterior inference. For checking the convergence of the MCMC
chains, we have used the Gelman–Rubin diagnostic test. The results, including parameter
estimates, standard deviations, 95% credible intervals, LBFDR, and Gelman–Rubin statistics
for analyzing the data using ZINB and ZIP random effects models, are presented in Tables 3
and F.1. The negative binomial random effects model (NB) and the Poisson random effects
model (P) are also applied to analyze the data. The prior distributions for the unknown
parameters of the NB and P random effects models are given by:

βk ∼ γk δ0(βk) + (1− γk)N(0, σ2
βk

), γk ∼ Beta(0.1, 0.1), σ2
βk
∼ IG(0.1, 0.1) , k =1, ..., 19,

bi ∼ N(0, σ2
b ), σ2

b ∼ IG(0.1, 0.1) , i=1, ..., n.

Tables F.2 and F.3 show the results for the NB and P random effects models, respectively.
Based on the values of DIC, the performance of the ZINB random effects model is better
than that of the ZIP, P, and NB random effects models. Based on the results of Table 3,
IDP, FMDE, LINC, FEMALE, PHYSLIM, BLACK, NDISEASE, HLTHF, HLTHP, CHILD,
LFAM and FEMCHILD are selected for the rate model (they have LBFDR < 0.05), that is,
these variables are significant predictors such that increasing in IDP leads to decreasing the
medical doctor visit (MD) and LINC is positively significant meaning the more the natural
logarithm of income (LINC), the more visits to a MD. FMDE is a negatively significant
predictor, such that by increasing it, the probability of zero decreases. The greater the
physical limitations (PHYSLIM), the larger the values of the estimated probability of nonzero.
BLACK is positively significant, which means the number of visits to a medical doctor of
black patients is higher than that of white patients, and increasing the NDISEASE leads to
higher MD numbers. Also, HLTHF and HLTHP are factors that motivate patients to visit
the doctor. CHILD is positively significant, which means the patient who is under 18 years
old has more MD than others. The effect of FEMALE on MD number depends on the
level of CHILD, and the effect of CHILD on MD number depends on the level of FEMALE.
These estimates indicate females visit the doctor more than males. Also, LPI, EDUCDEC,
HLTHG, AGE, and LC have a LBFDR > 0.05 which means they are not significant predictors.
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Table 3: Parameter estimates (Est.), standard deviation (SD), 2.5% (lower bound
of 95% credible interval), 97.5% (upper bound of 95% credible interval),
local Bayesian false discovery rate (LBFDR), and Gelman–Rubin statis-
tics (R̂) for analyzing RAND data using the ZINB model.

Model of the rate (µij)

Est. SD. 2.5% 97.5% LBFDR R̂

Intercept (β0) 0.824 0.044 0.738 0.908 0.000 1.013
time (β1) 0.000 0.001 0.000 0.000 0.992 1.029
time2 (β2) 0.000 0.000 0.000 0.000 1.000 1.000
IDP (β3) −0.169 0.037 −0.241 −0.099 0.000 1.004
LPI (β4) 0.001 0.005 0.000 0.011 0.968 1.016
FMDE (β5) −0.129 0.015 −0.157 −0.099 0.000 1.006
LINC (β6) 0.107 0.019 0.070 0.145 0.000 1.005
FEMALE (β7) 0.258 0.039 0.184 0.339 0.000 1.006
PHYSLM (β8) 0.270 0.044 0.183 0.356 0.000 1.009
BLACK (β9) 0.353 0.056 0.241 0.463 0.000 1.015
EDUCDEC (β10) 0.000 0.014 0.000 0.000 0.959 1.017
NDISEASE (β11) 0.175 0.015 0.146 0.207 0.000 1.016
HLTHF (β12) 0.206 0.058 0.087 0.315 0.011 1.101
HLTHG (β13) 0.000 0.004 0.000 0.000 0.986 1.004
HLTHP (β14) 0.426 0.107 0.211 0.626 0.001 1.000
AGE (β15) 0.000 0.000 0.000 0.000 0.999 1.002
CHILD (β16) 0.174 0.042 0.093 0.256 0.000 1.001
LFAM (β17) −0.144 0.027 −0.199 −0.093 0.000 1.002
LC (β18) −0.002 0.016 −0.026 0.000 0.959 1.106
FEMCHILD (β19) 0.217 0.058 0.105 0.330 0.000 1.006

Model of the probability (πij)

Est. SD. 2.5% 97.5% LBFDR R̂

Intercept (α0) 5.390 0.741 4.356 7.166 0.000 1.050
time (α1) 0.002 0.016 0.000 0.032 0.948 1.062
IDP (α2) −1.026 0.341 −1.799 −0.416 0.003 1.074
LPI (α3) −0.663 0.160 −0.991 −0.357 0.000 1.022
FMDE (α4) −1.044 0.175 −1.395 −0.714 0.000 1.007
LINC (α5) 0.151 0.133 0.000 0.383 0.357 1.015
FEMALE (α6) −2.475 0.445 −3.450 −1.662 0.000 1.018
PHYSLM (α7) −0.005 0.122 −0.334 0.265 0.857 1.014
BLACK (α8) −4.915 0.605 −6.255 −4.011 0.000 1.032
EDUCDEC (α9) −0.028 0.151 −0.512 0.159 0.825 1.035
NDISEASE (α10) 0.452 0.152 0.164 0.762 0.010 1.045
HLTHF (α11) −0.039 0.165 −0.577 0.096 0.840 1.006
HLTHG (α12) 0.004 0.087 −0.165 0.246 0.869 1.054
HLTHP (α13) 0.178 0.459 −0.270 1.526 0.690 1.030
AGE (α14) 0.000 0.000 0.000 0.000 1.000 1.000
CHILD (α15) −1.458 0.367 −2.226 −0.791 0.000 1.028
LFAM (α16) 0.005 0.064 0.000 0.153 0.932 1.044
LC (α17) −0.118 0.296 −1.051 0.054 0.740 1.032
FEMCHILD (α18) −2.995 0.628 −4.256 −1.807 0.000 1.015

Est. SD. 2.5% 97.5% LBFDR R̂

D11 0.493 0.228 0.226 1.007 — 1.010
D12 (D21) 0.925 0.128 0.516 1.803 — 1.101
D22 1.021 0.020 0.561 2.907 — 1.002

φ 3.817 0.140 3.553 4.098 — 1.002

DIC 183127.5
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Time and time2 have LBFDR > 0.05, i.e., time is not a significant predictor. Also, in the
probability model, IDP, LPI, FMDE, FEMALE, BLACK, NDISEASE, CHILD, and FEM-
CHILD are significant predictors, such that increasing IDP leads to decreasing medical doctor
visits, with increasing participation incentive payment (LPI) the probability of nonzeros de-
creases. FEMALE is positively significant, which means the probability of zero for men is
the largest. BLACK is negatively significant, which means the white patient visits a MD less
than the black patient. Also, increasing NDISEASE leads to a larger probability of nonzeros.

As mentioned before, the zero-inflated regression model assumes that the count numbers
arise from a two-component mixture of a standard count distribution and a degenerated
distribution at zero. Under such models, a zero can belong to either the degenerate state or
the count distribution, but it is typically impossible to with certainty to determine to which
state it belongs (Lambert, 1992). As two examples of the data, consider the 6th and 12th
patients with yyy6 = (1, 0, 0, 0, 0) and yyy12 = (1, 0, 7). The 6th patient is a white 16-year-old
girl who has neither physical limitations nor chronic diseases. Also, the 12th patient is a
black 61-year-old man who has no physical limitations but has chronic diseases. The other
characteristics of these two patients are as follows:

6th patient 12th patient

IDP 1 0
LPI 0.22 0.48
FMDE 1.16 1.29
LINC 0.40 0.52
EDUCDEC 8 18
HLTHF 0 0
HLTHG 0 1
HLTHP 0 0
LFAM 4 2
LC 0.45 0.52

The probability of being zero for the 6th patient at different time points can be estimated
by considering ZINB as described in (5.1) and (5.2) and it is given by πππ6 = (0.08, 0.64, 0.52,

0.72, 0.61); that is, for example, at the first time the probability of coming from a degener-
ated distribution is 0.08 while for the second time, it is 0.64. Also, this probability for the
12th patient is πππ12 = (0.09, 0.61, 0.02).

6. CONCLUSION

In this paper, we have discussed Bayesian variable selection methods for the zero-
inflated power series distribution, specifically ZIP and ZINB random effects models that have
been used via spike and slab priors for analyzing longitudinal count data with extra zeros.

We have evaluated the selection accuracy of DS and CS approaches through some
simulation studies. Also, we have defined a test for checking the significance of the parameters,
both a local Bayesian false discovery rate with a threshold of 0.05 and a Bayes factor procedure
with a threshold of 1 are applied to perform this test. The other thresholds can also be
considered to investigate H0. The simulation studies show that applying DS has better
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performance than applying CS. A real data set from the RAND health insurance experiment
has been analyzed as an illustrative example. The proposed variable selection models by DS
spike are applied to select the important variables in this data set, where the non-significant
variables shrink to zero and those estimated are considered significant variables. To the best
of our knowledge, ZINB and ZIP are the best models for analyzing zero-inflated count data,
but if the range of the zero-inflated data is restricted to a special range such as 0, 1, ...,K, the
zero-inflated binomial model is a more appropriate model than the ZINB and ZIP models.
The ZINB regression model allows for over-dispersion in the model and can be used to quantify
various parameters more effectively. We have used DIC to select among different models, and
we have concluded that the zero-inflated negative binomial random effects model is a flexible
model to be assumed for analyzing this data.

As a future work, the proposed method can be applied to semi-parametric modeling
data sets by considering spline. For this purpose, equation (2.3) can be improved to be

log(µij) = xxx′ij βββj + g1(tij) + bi1,

logit(πij) = zzz′ij αααj + g2(tij) + bi2 , i = 1, ..., n, j = 1, ..., T,

where g1(·) and g2(·) are unknown smooth functions of time. For example, they can be
considered as follows:

gk(tij) = αk0 + αk1tij + ···+ αkdk
tdk
ij +

Kk∑
l=1

αk,dk+l(tij − κl
i)

dk
+ , k = 1, 2,

where d is the degree of the polynomial component, Kk is the number of interior knots,
κl

i is referred to as knots of the i-th subject, (a)+ = max(0, a), and αααk = (αk0, ···, αkdk
, αkdk+1,

···, αkKk
) is the vector of spline coefficients. By considering these functions, all the approaches

in this paper can be applied to this model, too.

As future work, we can consider marginalized zero-inflated negative binomial (MZINB)
and marginalized zero-inflated Poisson (MZIP) models to model the population means count
directly, allowing straightforward inference for overall exposure effects that account for both
excess zeros and overdispersion (Preisser et al., 2016). Also, the model can be extended to
analyze data in the presence of missing values. For this purpose, a non-ignorable missing
mechanism should be considered. Also, Bayesian variable selection by using global-local
shrinkage (Hamura et al., 2021) priors can be applied in future works. The Wishart-gamma
and half-Cauchy priors can also be considered for the random effects covariance matrix and
variance components, respectively.
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1. INTRODUCTION

The statistics literature is filled with hundreds of continuous univariate distributions.
However, in recent years, applications from the environmental, financial, biomedical sciences,
engineering among others, have further shown that data sets following the classical distri-
butions are more often the exception rather than the reality. Since there is a clear need for
extended forms of these distributions a significant progress has been made toward the gen-
eralization of some well-known distributions and their successful application to problems in
areas such as engineering, finance, economics and biomedical sciences, among others (Ashour
and Eltehiwy, 2013).

The article presents a symmetric distribution with two shape parameters p > −1 and
q > 0 called the extended easily changeable kurtosis (EECK) distribution. As the name
suggests, the EECK(p >−1, q > 0) is an extended version of the easily changeable kurto-
sis (ECK) distribution with scale and shape parameters a > 0 and p > −1, respectively
(Sulewski, 2022b). Instead of kurtosis γ2, the article analyzes the excess kurtosis γ2 = γ2− 3,
which can be positive or negative.

Symmetric distributions do not form such a big family as asymmetric distributions.
Table 1 presents (in alphabetical order) thirty four symmetric distributions with the range of
excess kurtosis γ2 and modality. Symmetric distributions with undefined excess kurtosis are:
Cauchy (Kotz et al., 2004), degenerate (Glen, 2025) and Voigt (Temme, 2010). Symmetric
distributions with constant excess kurtosis are: arcsine (Lévy, 1940), bimodal normal (Hassan
and Hijazi, 2010), bimodal Laplace (Hassan and Hijazi, 2010), cosine (Raab and Green, 1961),
hyperbolic secant (Johnson et al., 1995), Laplace (Johnson et al., 1995), logistic (Balakrish-
nan, 1992), normal (Johnson et al., 1995), raised cosine (Rinne, 2010), sine (Edwards, 2000),
semicircle (Ryan, 2014), uniform (Dekking et al., 2005), U-shaped (Bucher, 2012). Symmetric
distributions with excess kurtosis in an finite interval: Bates (Johnson et al., 1995), bimodal
exponential power (Hassan and Hijazi, 2010), bimodal power normal (Bolfarine et al., 2018),
ECK (Sulewski, 2022b), extended normal (Ki et al., 2005), extended Laplace (Johnson et al.,
1995), extended t (Johnson et al., 1995), Irwin–Hall (Johnson et al., 1995), plasticizing com-
ponent (Sulewski, 2022a), Q-gaussian (Umarov et al., 2008), t (Johnson et al., 1995), Tukey
with finite domain (Freimer et al., 1988), U-power (Bucher, 2012), Von Mises (Mardia et al.,
2000). Symmetric distributions with excess kurtosis in an infinite interval are: generalized
normal (Nadarajah, 2005), normal-exponential-gamma (Johnson et al., 1995), Tukey with
infinite domain (Freimer et al., 1988), U-quadratic (Buchanan and Wheeland, 2022).

The ECK(a> 0, p >−1) (Sulewski, 2022b), as the previous version of the EECK(p >−1,

q > 0), is unimodal distribution and can be used to model excess kurtosis in the range (−2, 0).

The main goal of the paper is to define the distribution for excess kurtosis modeling in
a larger range than (−2, 0). As follows from the Malachov inequality γ2 > γ2

1 − 2 (Malachov,
1978), the best range would be the maximum range, i.e. 〈−2,∞).

The proposed distribution with γEECK
2 ≥ −2 (see Subsection 2.4), like the general-

ized normal (GN) with γGN
2 ≥ −1.2, normal-exponential-gamma (NEG) with γNEG

2 > 0 and
Tukey (T) defined in an infinite domain with γT

2 > 0, belongs to the family of symmet-
rical, unimodal distributions with excess kurtosis values on infinite interval (see Table 1).
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In addition, the EECK is defined in the finite domain whereas the NEG, GN and T are
defined in an infinite domain.

Table 1: Symmetric distributions with range of excess kurtosis and modality.

Name Modes Range of γ2 Name Modes Range of γ2

arcsine 2 −1.5 logistic 1 6/5

Bates 1 [−1.2, 0) normal 1 0

bimodal
exponential

power
1, 2 [−3, 3]

normal-
exponential-

gamma
1 (0,∞)

bimodal
normal 2 −4/3 plasticizing

component 2 (−2, 0)

bimodal
Laplace 2 1/3 Q-gaussian 1 [−0.857, 0]

bimodal
power normal 1, 2 (−2, 0)

∨ (0, 10.97) raised cosine 1
6 (90− π4)
5 (π2 − 6)2

Cauchy 1 — sine 1
2 (96− π4)
(π2 − 8)2

cosine 1 0.251 semicircle 1 −1

degenerate 1 — t 1 (0, 6]

ECK 1 (−2, 0) Tukey∗ 1 (0,∞)

extended
normal

1, 2 [−4/3, 0] Tukey∗∗ 1 [−1.25, 10.59]

extended
Laplace 1, 2 (1/3, 3] uniform ∞ −6/5

extended t 1, 2 [−4/3, 6] U-power 2 [−2,−1.81]

generalized
normal

1 [−1.2, 0)
∨ (0,∞) U-quadratic 2 (0,∞)

hyperbolic
secant

1 2 U-shaped 2 −1.5

Irwin–Hall 1 [−1.2, 0) Voigt 1 —

Laplace 1 3 Von Mises 1 [−1.2, 1.069]

∗ infinite domain; ∗∗ finite domain

PDF of the NEG, as a mixture of normal distributions, has a complicated form and the
analytical formula for excess kurtosis does not exist. PDF of the T distribution has a simple,
closed form for a few exceptional values of the shape parameter, e.g. we get, respectively, for
λ = {1, 0} uniform and logistic distributions.
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The analytical formulas for excess kurtosis of the EECK, GN and T distributions are
respectively:

γEECK
2 =

Γ2
(
p + 3

q

)
Γ
(

1
q

)
Γ
(

5
q

)
(pq + 3)2

Γ2
(

3
q

)
Γ
(
p + 1

q

)
Γ
(
p + 5

q

)
(pq + 1) (pq + 5)

− 3 (p > −1, q > 0),(1.1)

γGN
2 =

Γ
(

5
β

)
Γ
(

1
β

)
Γ
(

3
β

)2 − 3 (β > 0),(1.2)

γT
2 =

(2λ +1)2 Γ(2λ +1)2
[
3Γ(2λ +1)2 + Γ(4λ +4)− 4Γ(3λ +1) Γ(λ +1)

]
(8λ +1) Γ(4λ +1)

[
Γ(λ +1)2 − Γ(2λ +1)

]2 − 3(1.3)

(λ > −0.25).

The proof of (1.1) is presented in Subsection 2.4 (see Theorem 2.7).

Figure 1 shows the excess kurtosis of the EECK, GN and T distributions as a function
of the shape parameters p > −1, β > 0 and λ ∈ (−0.25, 0). The γEECK

2 (p) is an increasing
function similar to a linear function while γGN

2 (β) and γT
2 (λ) are initially decreasing strongly

functions and then transforming into constant functions. This is especially visible for the
GN distribution. The EECK and GN distributions can be used to model the negative and posi-
tive excess kurtosis. The negative values of excess kurtosis for the EECK and GN distributions
are available on [−2, 0] and [−1.2, 0), respectively.
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Figure 1: Excess kurtosis as a function of shape parameter.
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Formula (1.3) is the most complicated among formulas (1.1)–(1.3), however, for the
EECK, GN, and T distributions, the shape parameter cannot be represented as a function of γ2,
as is for the ECK and Q-gaussian distributions. This is the price for expanding the range of γ2.
Nowadays, in the era of advanced mathematical software, it is possible to compute the argu-
ment of a function knowing its value (using for example Mathcad or Microsoft Excel in newer
versions).

Summarizing, the new proposal can be extremely useful when you want to seamlessly
test the goodness-of-fit tests (GoFTs) ability to detect deviations from normality caused by
the maximum range of excess kurtosis values, i.e. negative and positive. Real data example
(see Section 4.2) demonstrates that the EECK(p >−1, q > 0) distribution in the mixed variant
is flexible and competitive model that deserves to be added to the existing distributions in
data modeling.

Special cases of the EECK(p >−1, q > 0) distribution are: the uniform, triangle and
obviously ECK(a> 0, p >−1). The EECK(p >−1, q > 0) tends to the normal distribution
(see Subsection 2.1).

It should also be mentioned that there is a group of asymmetric distributions, which
are symmetrical for certain parameter values, e.q. the truncated normal, Birnbaum–Saunders
(Birnbaum and Saunders, 1969), skew-normal (Azzalini, 1985), beta, two-piece normal (Gib-
bons and Mylroie, 1985), two-piece power normal (Sulewski, 2021) and plasticizing component
(Sulewski, 2022a).

This article is organized as follows. Section 2 presents the main properties of the
EECK distribution such as PDF, CDF, modes, inflection points, quantiles, moments, Moors’
measure, instructions to generate EECK pseudo-random numbers and the Fisher Informa-
tion Matrix. The estimation procedures are provided in Section 3. The articles ends with
applications and conclusions. The most important R codes are given in the supplementary
material.

2. MAIN PROPERTIES OF INTRODUCED DISTRIBUTION

2.1. Distribution and density functions

Definition 2.1. The Eta function for p > −1 and q > 0 is defined as

(2.1) H(p, q) =
∫ 1

−1

[
1− |x|q

]p
dx =

2B
(

1
q , p + 1

)
q

=
2Γ(p + 1) Γ

(
1
q + 1

)
Γ
(
p + 1

q + 1
) ,

where B(u, v) is the beta function.

Calculations in (2.1) were performed by the formula (Gradshteyn and Ryzhik, 2014)

(2.2)
∫ 1

0
xa−1

(
1− xb

)c−1
dx =

B
(

a
b , c

)
b

.
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Exemplary values of the Eta function (2.1):

H(1, 1) = 1, H(0, 1) = 2, H(−0.5, 1) = 4, H(1, 0.5) =
2
3
, H(0.5, 1) =

4
3
.

Definition 2.2. The distribution of the random variable X with PDF given by

(2.3) f(x; p, q) =

[
1− |x|q

]p

H(p, q)
, x ∈

{
(−1, 1) if −1 < p < 0,

[−1, 1] if p≥ 0,

is called the extended easily changeable kurtosis (EECK) distribution, where p > −1 and
q > 0 are the shape parameters. The EECK(p >−1, q > 0) is symmetric around zero, since,
based on (1.3), f(x; p, q) = f(−x; p, q) (see Figure 2). The EECK(p >−1, q =2) is the
ECK(a=1, p >−1) (Sulewski, 2022b).
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Figure 2: PDF of the EECK(p, q) distribution for various parameter values.

The R codes of the dEECK function for computing PDF are provided in the supplemen-
tary material.

The standard deviation of the new proposal, based on (2.17), equals

µ2 =
(1 + pq) Γ

(
3
q

)
Γ
(
p + 1

q

)
(3 + pq) Γ

(
1
q

)
Γ
(
p + 3

q

) ,

therefore the EECK(p, q) distribution tends to the normal distribution N
(
0,
√

µ2

)
with PDF

φ
(
x; 0,

√
µ2

)
.

Let M (2.4) be the similarity measure of these distributions (Sulewski, 2020). We have
for p > −1, q > 0,

(2.4) M(p, q) =
∫ 1

−1
min

f(x; p, q), φ

x; 0,

√√√√√(1 + pq) Γ
(

3
q

)
Γ
(
p + 1

q

)
(3 + pq) Γ

(
1
q

)
Γ
(
p + 3

q

)


 dx.
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The similarity measure M takes values on (0,1) and if PDFs are identical then M = 1.
For example M(33, 1) = 0.871, M(33, 1.5) = 0.954, M(33, 2) = 0.995, M(33, 2.5) = 0.961.
A more detailed analysis of the value of the M measure showed that it has the highest
values for q = 1.96. We have M(50, 1.96) = 0.999.

The EECK(p >−1, q > 0) is the symmetrical distribution (Figure 2). The EECK(p =0,

q > 0) is the uniform distribution U(−1, 1) (Figure 2, series p = 0, q = 1. The EECK(p > 0,

q > 0) is unimodal with mode equals 0 (Figure 2, series p = 0.5, q = 2; p = 5, q = 3). The
EECK(−1 <p < 0, q > 0) is pseudo (−1 < x < 1) bimodal with bathtub shape (Figure 2, series
p = −0.5, q = 0.5). The EECK(p =1, q =1) is the triangle distribution (Figure 2, series
p = 1, q = 1). The EECK(50, 1.96) is in 99.9% the normal distribution N(0, 0.096) (Figure 2,
series N(0, 0.096)).

Theorem 2.1. If X ∼ EECK(p >−1, q > 0) with PDF f(x; p, q) (2.3) then CDF of X

is given by

(2.5) F (x; p, q) = 0.5 + x
2F1

(
−p, 1

q , 1 + 1
q , |x|q

)
H(p, q)

,

where 2F1(a, b, c, x) is the Gaussian hypergeometric function.

Proof: From (2.3) we have

F (x; p, q) =
1

H(p, q)

∫ x

−1
(1− |x|q)p dx(2.6)

=
1

H(p, q)

[∫ 0

−1
(1− |x|q)p dx +

∫ x

0
(1− |x|q)p dx

]
.

To complete the proof, we need to calculate two integrals. The first one, based on (2.1), has
the form

(2.7)
∫ 0

−1
(1− |x|q)p dx = 0.5H(p, q).

The second one can be written using a power series (Gradshteyn and Ryzhik, 2014)

∫ x

0
(1− |x|q)p dx = x

∞∑
k=0

(−p)k

(
1
q

)
k(

1 + 1
q

)
k

|x|qk

k!
(2.8)

= 2F1

(
−p,

1
q
, 1 +

1
q
, |x|q

)
x,

where 2F1(a, b, c, x) is the Gaussian hypergeometric function and (x)n is the Pochhammer
symbol

(x)n =
Γ(x + n)

Γ(x)
= x (x + 1) ··· (x + n− 1).

Substituting (2.7) and (2.8) to (2.6) we obtain (2.5).

The R codes of the pEECK function for computing CDF are provided in the supplemen-
tary material.
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Figure 3 plots CDF of the EECK(p >−1, q > 0) distribution for some values of param-
eters. For p = 0 we obtain the straight line (uniform distribution). For p > 0 CDF is convex
in [−1, 0) and is concave in (0, 1]. For −1 < p < 0 CDF is concave in (−1, 0) and is convex in
(0, 1). CDFs of the EECK(50, 1.96) distribution and N(0, 0.096) one coincide.
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Figure 3: CDF of the EECK(a, p) distribution for various parameter values.

Theorem 2.2. The EECK(p >−1, q > 0) distribution with PDF given by (2.3) is

identifiable in the parameter space v = (p, q).

Proof: Let v1 = (p1, q1) and v2 = (p2, q2). Let us suppose that fv1(x) = fv2(x) for all x

from support. This condition based on (2.1) and (2.3) implies that

(2.9)
q1(1− |x|q1)p1

2B
(

1
q1

, p1 + 1
) =

q2 (1− |x|q2)p2

2B
(

1
q2

, p2 + 1
) .

If we apply log to both sides of (2.9) we obtain the following system of three equations:

(2.10) log
(

q1

q2

)
= 0, p1 log(1−|x|q1)− p2 log(1−|x|q2) = 0, log

B
(

1
q2

, p2 +1
)

B
(

1
q1

, p1+1
)

= 0.

From the first equation is q1 = q2 and then from the second one is p1 = p2.

2.2. Modes and inflection points

Theorem 2.3. Let X ∼ EECK(p >−1, q > 0). If p = 0 then modal values xm ∈ [−1, 1]
(case of uniform distribution). If p > 0 then xm = 0. If −1 < p < 0 then the EECK(p, q)
distribution is pseudo bimodal with modes xm(−1), xm(1). The f(x; p > 0, q) (2.3) is mono-

tonically increasing on the interval (−1, 0) and monotonically decreasing on the interval (0, 1).
The f(x;−1 <p < 0, q) (2.3) is monotonically decreasing on the interval (−1, 0) and mono-

tonically increasing on the interval (0, 1).
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Proof: Let p ≥ 0 then PDF of the EECK(p, q) distribution, based on (2.1) and (2.3),
for any x ∈ [−1, 1] is given by

(2.11) f(x; p, q) =
Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) (1− |x|q)p.

Let p = 0 then f(x; 0, q) =
Γ
�

1
q
+1

�

2Γ
�

1
q
+1

� = 0.5 is constant in [−1, 1].

Let p > 0 then

(2.12)
d

dx
f(x; p, q) =

Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) p (1− |x|q)p−1
[
−q |x|q−1

]
.

As a result of simple transformations xm = 0 and (2.12) is positive on the interval (−1, 0)
and negative on the interval (0, 1).

Let −1 < p < 0 then PDF (2.11) is defined for any x ∈ (−1, 1). As a result of simple
transformations, (2.12) is negative on the interval (−1, 0) and positive on the the interval
(0, 1). For x values very close to −a and a PDF (2.8) has locally maximum values. The
author of this article denotes these values as xm(−1), xm(1) and proposed distribution defines
as pseudo bimodal with modes at these points.

Theorem 2.4. Let X ∼ ECK(p >−1, q > 0). The inflection points of the f(x; p, q) (6)

for p > 1 ∧ q > 1 or −1 <p < 1 ∧ 0 <q < 1 are given by means of the following formulas:

(2.13) x1 = −
(

1− q

1− pq

)1
q

, x2 =
(

1− q

1− pq

)1
q

.

Proof: We can write (2.12) as

(2.14)
d

dx
f(x; p, q) =

−pq Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) |x|q−1 (1− |x|q)p−1.

Let A =
−pqΓ

�
p+ 1

q
+1

�

2Γ(p+1) Γ
�

1
q
+1

� then (2.14) has the simpler form

d

dx
f(x; p, q) = A |x|q−1(1− |x|q)p−1.

The second derivative is given by

d2

dx2
f(x; p, q) = A

{
(q − 1) |x|q−2 (1− |x|q)p−1 − q |x|q−1 (p− 1) (1− |x|q)p−2 |x|q−1

}
= A |x|q−2 (1− |x|q)p−2

{
(q − 1) (1− |x|q)− q |x| (p− 1) |x|q−1

}
.

Thus
d2

dx2
f(x; p, q) = 0 ⇔ (q − 1) (1− |x|q)− q |x| (p− 1) |x|q−1 = 0.
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As a result of simple transformations we have

(2.15) x1 = −
(

1− q

1− pq

)1
q

∧ x1 > −1 , x2 =
(

1− q

1− pq

)1
q

∧ x2 < 1,

then from (2.15) we obtain p > 1 ∧ q > 1 or −1 < p < 1 ∧ 0 < q < 1.

2.3. Quantiles

Theorem 2.5. Let X ∼ EECK(p >−1, q > 0). The u-th (0 < u < 1) quantile xu is

the solution of the following equation

(2.16) (0.5− u) H(p, q) + 2F1

(
−p,

1
q
, 1 +

1
q
, |xu|q

)
xu = 0,

where 2F1(a, b, c, x) is the Gaussian hypergeometric function and H(p, q) is given by (2.1).
The proposed distribution is symmetrical then xu = −x1−u, obviously and x0.5 = 0.

Proof: Obtaining (2.16), based on the quantile definition, is trivial.

The quantile xu can be computed by numerical methods. The R codes of the qEECK

function for computing the quantile xu are provided in the supplementary material.

2.4. Moments and Moors’ measure

Theorem 2.6. The k-th (k = 0,1,2, ...) non-central moments of the EECK(p>−1, q>0)
distribution are given by

(2.17) αk =

[
1 + (−1)k

]
B

(
k+1

q , p + 1
)

qH(p, q)
=

[
1 + (−1)k

]
B

(
k+1

q , p + 1
)

2B
(

1
q , p + 1

) .

Proof: The k-th (k = 0, 1, 2, ...) non-central moments, based on (2.1) and (2.3), are
defined as

(2.18) αk =
q

2B
(

1
q , p + 1

) [∫ 0

−1
xk(1− |x|q)p dx +

∫ 1

0
xk(1− |x|q)p dx

]
=

q(I1 + I2)

2B
(

1
q , p + 1

) .

To solve the integrals I1 and I2, we have to use the integral formula (2.2). Thus:

(2.19) I1 = (−1)k
B

(
k+1

q , p + 1
)

q
, I2 =

B
(

k+1
q , p + 1

)
q

and substituting obtained results into (2.18) we get (2.17).
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Theorem 2.7. The non-central moments αk (k = 1,3, ...), variance µ2 and excess kur-

tosis γ2 of the EECK(p >−1, q > 0) distribution are given by

αk = 0 (k = 1,3, ...) , µ2 =
(1 + pq) Γ

(
3
q

)
Γ
(
p + 1

q

)
(3 + pq) Γ

(
1
q

)
Γ
(
p + 3

q

) ,(2.20)

γ̄2 =
(pq + 3)2 Γ

(
1
q

)
Γ
(

5
q

)
Γ
(
p + 3

q

)2

(pq + 1) (pq + 5) Γ
(
p + 1

q

)
Γ
(
p + 5

q

)
Γ
(

3
q

)2 − 3.(2.21)

Proof: The proof αk = 0 (k = 1,3, ...), based on (2.17), is trivial.

The first non-central moment equals zero, so the non-central moments αk (k = 0,1, ...)
are equal to the central moments µk (k = 0,1, ...).

From (2.17), using the properties of the gamma function Γ(x + 1) = xΓ(x), we have

α2 = µ2 =
B

(
3
q , p + 1

)
B

(
1
q , p + 1

) =
Γ
(

3
q

)
Γ
(
p + 1

q + 1
)

Γ
(

1
q

)
Γ
(
p + 3

q + 1
) =

(1 + pq) Γ
(

3
q

)
Γ
(
p + 1

q

)
(3 + pq) Γ

(
1
q

)
Γ
(
p + 3

q

) ,(2.22)

α4 = µ4 =
B

(
5
q , p + 1

)
B

(
1
q , p + 1

) =
Γ
(

5
q

)
Γ
(
p + 1

q + 1
)

Γ
(

1
q

)
Γ
(
p + 5

q + 1
) =

(1 + pq) Γ
(

5
q

)
Γ
(
p + 1

q

)
(5 + pq) Γ

(
1
q

)
Γ
(
p + 5

q

) .(2.23)

Thus the excess kurtosis is given by

(2.24) γ̄2 =
µ4

µ2
2

− 3 =
(1 + pq) Γ

(
5
q

)
Γ
(
p + 1

q

)
(5 + pq) Γ

(
1
q

)
Γ
(
p + 5

q

) (3 + pq)2 Γ
(

1
q

)2
Γ
(
p + 3

q

)2

(1 + pq)2 Γ
(

3
q

)2
Γ
(
p + 1

q

)2 − 3

and we obtain (2.21) as a result of simple transformation.

Figure 4 shows the excess kurtosis γ̄2 as a function of the shape parameter p for
q = 0.4, 0.6, 0.8, 1 (left) and for q = 2, 4, 6, 8 (right). The excess kurtosis, according to the
definition, varies in the range [−2,∞). The smaller q value, the higher excess kurtosis and
the parameter p has a greater effect on the excess kurtosis.
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Figure 4: Excess kurtosis γ̄2 as a function of the shape parameter p.
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Figure 5 shows the excess kurtosis γ̄2 as a function of the shape parameter q for p =
−0.9,−0.7,−0.5,−0.3 (left) and for p = 0.25, 0.75, 1, 10 (right). For p ∈ (−1,0) the excess kur-
tosis tends from−2 to−1.2 when q→∞. For p>0 kurtosis tends from∞ to−1.2 when q→∞.
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Figure 5: Excess kurtosis γ̄2 as a function of the shape parameter q.

Moors (1988) proposed a measure based on quantiles in the form

(2.25) T =
x7/8 − x5/8 + x3/8 − x1/8

x6/8 − x2/8
,

where xu is the solution of (2.16). The measure T is a quantile alternative for kurtosis and
exists even for distribution for which no moments exist. Figure 6 shows the measure T as
a function of the shape parameter p for q = 0.75, 1, 2, 4 (left) and as a function of the shape
parameter q for p = 0.75, 1, 2, 4 (right). The T (p) function decreases for p(−1, 0) and increases
for p > 0 mainly for its initial values. The T (q) function tends to one.
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Figure 6: Moors’ measure T as a function of the shape parameter p (left) and q (right).

2.5. Pseudo-random number generator

Let X ∼ EECK(p >−1, q > 0), R ∼ U(0, 1). The algorithm for generating n values of X,
using the inverse CDF method, with CDF(x; p, q) given by (2.5), is as follows:
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1. Repeat steps 1.1–1.4 n times:

1.1. Let R ∼ U(0, 1);
1.2. Let x = −1 + 0.01;
1.3. If CDF(x; p, q) < R, then x = x + 0.01;
1.4. Return x.

It is obviously a universal algorithm for any distribution with CDF(x; par), where par is the
vector of distribution parameters.

The quantile function of the EECK(p, q) does not have an analytical form, PDF (2.3)
is non-negative on the interval [−1, 1] and bounded by constant d = f(0; p≥ 0, q), then
we can use the von Neumann method, which in this case is much faster than the inverse
CDF method. The algorithm for generating n values of X, using the von Neumann method
(Von Neumann, 1951), is as follows:

1. If −1 < p < 0 then use the inverse CDF method.

2. If p≥ 0 then d = f(0; p, q).

3. Repeat steps 3.1–3.3 n times:

3.1. Let R1 ∼ U(−1, 1), R2 ∼ U(0, d);
3.2. If f(R1; p, q) < R2 then go to Step 3.1 else x = R1;
3.3. Return x.

The R codes of the rEECK and rEECK1 functions for generating n values of X are
presented in the supplementary material.

2.6. Fisher information matrix

Theorem 2.8. The Fisher information matrix Ii,j (i, j = 1,2) for the EECK(p >−1,

q > 0) distribution is given by

I11 =
[
A−B + H̃(p)− H̃

(
p +

1
q

)]2

+ Ψ1(p + 1)−Ψ1

(
p +

1
q

+ 1
)

,(2.26)

I12 = I21 =
(A−B) (C −A)

q2
−

(A−B) Γ
(
p + 1

q + 1
)

Γ(p + 1) Γ
(

1
q + 1

)(2.27)

+
(C −A)

[
H̃(p)− H̃

(
p + 1

q

)]
q2

+
Γ
(
p + 1

q + 1
)

p Γ(p + 1) Γ
(

1
q + 1

) ,

I22 =
(C −A)2

q4
−

2 (C −A) Γ
(
p + 1

q + 1
)

q3 Γ(p + 1) Γ
(

1
q + 1

) +
pq2 (pq + 1) Γ

(
2− 1

q

)
Γ
(
p + 1

q

)
(p− 1) (pq − 1) Γ

(
p− 1

q

)
Γ
(

1
q

) ,(2.28)

where H̃(z) =
∑z

k=1
1
k is the harmonic function, Ψn(z) is the n-th derivative of the digamma

function Ψ(z), A = Ψ
(
p + 1

q + 1
)
, B = Ψ(p + 1), C = Ψ

(
1
q + 1

)
as well as I11, I12 = I21, I22

are defined for (p >−1, q > 0), (p > 0, q > 0) and (p > 1, q > 0.5) respectively.
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Proof: First, we need to take the logarithm. From (2.11) we have

ln
[
f(x; p, q)

]
= ln

[
Γ
(

p +
1
q

+ 1
)]

+ p ln
(
1− |x|q

)
− ln

[
2Γ(p + 1)

]
− ln Γ

(
1
q

+ 1
)

.

Second, we need to calculate the partial derivatives

d ln
[
f(x; p, q)

]
dp

= Ψ
(

p +
1
q

+ 1
)

+ ln
(
1− |x|q

)
−Ψ(p + 1),

d ln
[
f(x; p, q)

]
dq

=
−1
q2

Ψ
(

p +
1
q

+ 1
)
− pq |x|q−1

1− |x|q
+

1
q2

Ψ
(

1
q

+ 1
)

.

Hence, we get the Fisher score in the form

h(x;p, q) =

 A−B + ln
(
1− |x|q

)
C −A

q2
− pq |x|q−1

1− |x|q

.

Let u(x; p, q) = h(x; p, q) h(x; p, q)> then

u11 =
[
A−B + ln

(
1− |x|q

)]2
, u22 =

[
C −A

q2
− pq |x|q−1

1− |x|q

]2

,

u12 = u21 =
[
A−B + ln

(
1− |x|q

)] [
C −A

q2
− pq |x|q−1

1− |x|q

]
.

Let Ii,j = E[ui,j ] (i, j = 1, 2) then

I11 = (A−B)2 + 2(A−B) E
[
ln

(
1− |x|q

)]
+ E

[
ln2

(
1− |x|q

)]
,(2.29)

I12 = I21 =
(A−B) (C −A)

q2
− pq (A−B) E

[
|x|q−1

1− |x|q

]
(2.30)

+
C −A

q2
E

[
ln

(
1− |x|q

)]
− pqE

[
|x|q−1 ln

(
1− |x|q

)
1− |x|q

]
,

I22 =
(C −A)2

q4
− 2p(C −A)

q2
E

[
|x|q−1

1− |x|q

]
+ p2q2E

[
|x|2q−2(

1− |x|q
)2

]
.(2.31)

To write the Fisher Information Matrix in a simpler form, we use (2.2) and Mathematica
software. We obtain:

(2.32) E
[
ln

(
1− |x|q

)]
=

Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) ∫ 1

−1

ln
(
1− |x|q

)(
1− |x|q

)−p dx = H̃(p)− H̃

(
p +

1
q

)
,
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E
[
ln2

(
1− |x|q

)]
=

Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) ∫ 1

−1

ln2
(
1− |x|q

)(
1− |x|q

)−p dx(2.33)

=
Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) 2Γ(p + 1) Γ
(

1
q + 1

)
Γ
(
p + 1

q + 1
)

·

{[
H̃(p)− H̃

(
p +

1
q

)]2

+ Ψ1(p + 1)−Ψ1

(
p +

1
q

+ 1
)}

=
[
H̃(p)− H̃

(
p +

1
q

)]2

+ Ψ1(p + 1)−Ψ1

(
p +

1
q

+ 1
)

,

(2.34) E

[
|x|q−1

1− |x|q

]
=

Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) ∫ 1

−1

|x|q−1(
1− |x|q

)−p+1 dx =
Γ
(
p + 1

q + 1
)

pq Γ(p + 1) Γ
(

1
q + 1

) ,

(2.35) E

[
|x|q−1 ln

(
1− |x|q

)
1− |x|q

]
=

Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) ∫ 1

−1

|x|q−1 ln
(
1− |x|q

)(
1− |x|q

)−p+1 dx =

=
Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) −2
p2 q

=
−Γ

(
p + 1

q + 1
)

p2 q Γ(p + 1) Γ
(

1
q + 1

) ,

(2.36) E

[
|x|2q−2(

1− |x|q
)2

]
=

Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) ∫ 1

−1

|x|2q−2(
1− |x|q

)−p+2 dx =

=
Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) 2Γ(p− 1) Γ
(
2− 1

q

)
q Γ

(
1 + p− 1

q

) =
(pq + 1) Γ

(
2− 1

q

)
Γ
(
p + 1

q

)
p (p− 1) (pq − 1) Γ

(
p− 1

q

)
Γ
(

1
q

) .

Substituting formulas (2.32)–(2.36) into formulas (2.29)–(2.31), as a result of simple
transformations, we get formulas (2.26)–(2.28).

3. MAXIMUM LIKELIHOOD ESTIMATION

Let x∗1, x
∗
2, ..., x

∗
n be a random sample size n from the EECK(p >−1, q > 0) distribution.

Our target is to estimate the unknown values of the parameters p, q. The likelihood function
based on (2.3) is given by

L =
n∏

i=1

f(x∗i ; p, q) =
Γ
(
p + 1

q + 1
)

2Γ(p + 1) Γ
(

1
q + 1

) n∏
i=1

(
1− |x∗i |

q)p
,

then the log-likelihood function is defined as

(3.1) l = n ln
[
Γ
(

p +
1
q

+ 1
)]

− n ln
[
2Γ(p + 1)

]
− n ln

[
Γ
(

1
q

+ 1
)]

+ p
n∑

i=1

ln
(
1− |x∗i |

q)
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and

dl

dp
= nΨ

(
p +

1
q

+ 1
)
− nΨ(p + 1) +

n∑
i=1

ln
(
1− |x∗i |

q) = 0,(3.2)

dl

dq
=

−n

q2
Ψ

(
p +

1
q

+ 1
)

+
n

q2
Ψ

(
1
q

+ 1
)
− npq |x∗i |

q−1

1− |x∗i |
q = 0,(3.3)

where Ψ is the digamma function.

The maximum likelihood estimates (MLEs) are solutions of the system equations (3.2)–
(3.3). We have

1
n

n∑
i=1

ln
(
1− |x∗i |

q) = Ψ(p + 1)−Ψ
(

p +
1
q

+ 1
)

,(3.4)

Ψ
(

1
q

+ 1
)
−Ψ

(
p +

1
q

+ 1
)

= −pq3 |x∗i |
q−1

1− |x∗i |
q .(3.5)

Solving the system equations (3.2)–(3.3) with numerical method we have obtain p̂, q̂. We can
also maximize the log-likelihood function (3.1) to obtain the MLEs of the p, q parameters.

The biases and the root mean squared errors (RMSEs) of the MLEs are shown in Tables 2
and 3. The simulation study was performed with 103 samples using sample sizes of 100, 150, 200.

Table 2: Biases and RMSEs of the MLEs from the EECK(p, 3).

bp bq
p n

Bias RMSE Bias RMSE

100 0.555 2.820 0.443 3.593
1 150 0.296 1.802 0.186 2.992

200 0.110 1.172 −0.081 2.279

100 0.965 4.408 0.379 2.313
2 150 0.724 2.739 0.339 1.908

200 0.338 1.468 0.110 1.397

100 1.255 3.875 0.336 1.701
3 150 0.892 3.126 0.269 1.441

200 0.712 2.289 0.259 1.261

Table 3: Biases and RMSEs of the MLEs from the EECK(0.5, q).

bp bq
q n

Bias RMSE Bias RMSE

100 0.266 5.510 0.485 3.361
1 150 0.011 1.202 0.231 2.169

200 −0.125 0.320 −0.034 1.290

100 0.173 1.168 0.531 3.600
2 150 0.046 0.873 0.176 3.234

200 −0.020 0.711 −0.044 2.729

100 0.264 2.584 0.439 5.733
3 150 0.149 1.586 0.209 5.283

200 0.047 1.005 0.029 4.544
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The samples were drawn from the EECK(p, 3), where p = 1, 2, 3 (see Table 2) and from the
EECK(3, q), where q = 1, 2, 3 (see Table 3). We observe that the estimates approach true
values when the sample size increases, it implies the consistency of the estimates. The biases
of the p̂ and q̂ diminish for large samples and are smaller for q̂ than for p̂. The RMSEs
decrease with the value of p for q̂ (see Table 2).

To examine the accuracy of the coverage probability of the asymptotic confidence in-
tervals (CIs), another simulation study was performed with 103 samples using sample sizes
of 100, 150, 200. The study focused on the parameters p, q and samples drawn from the
EECK(p =3, q =3). The coverage probabilities of the obtained 95% CIs for p = 3, q = 3
reported in Table 4 are very close to the nominal level. The results suggested that the
obtained standard errors and hence the asymptotic CIs are reliable.

Table 4: Coverage probability for the standard asymptotic 95% CIs,
EECK(p =3, q =3).

n p q

100 0.954 0.942
150 0.938 0.945
200 0.957 0.96

4. APPLICATION

This section is divided into two subsections. We present examples of the applicability
and flexibility of the EECK(p >−1, q > 0). Subsection 4.1 is devoted to GoFTs, Subsection 4.2
deals with fitting distributions to data.

4.1. Comparison of goodness-of-fit tests

As it was mentioned in Introduction, the shape parameter of the EECK distribution
cannot be represented as a function of γ2, as is for the ECK distribution (Sulewski, 2022b).
Recall, however, that the ECK excess kurtosis takes values on interval (−2, 0), while the
EECK excess kurtosis has values on interval [−2,∞). Using e.g. Mathcad, you can easily
calculate the argument of a function knowing its value.

The EECK distribution can be extremely useful when you want to seamlessly test
GoFTs ability to detect deviations from normality caused by a negative and positive excess
kurtosis.

Let x(1), x(2), ..., x(n) be an ordered random sample of size n. Seven GoFTs were selected
to be subjects of the Monte Carlo simulation. Five of them as being very popular GoFTs
have been implemented in the R software. These tests are: Shapiro–Wilk (SW), Kolmogorov–
Smirnov (KS), Cramer–von Mises (CvM), Anderson–Darling (AD) and Shapiro–Francia (SF).
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Two tests not implemented yet, probably for their novelty, are: Hn (Torabi et al., 1961) and
LFm (Sulewski, 2020) tests.

The Hn test statistic is defined as

(4.1) Hn =
1
n

n∑
i=1

h

1 + Φ
(

x(i)−x

s , 0, 1
)

1 + i
n

 , h(x) =
(

x− 1
x + 1

)2

,

where x and s2 are the sample mean and sample variance, respectively.

The LFm test statistic is given by

(4.2) LFm = max
∣∣∣∣ i− α

n− α− β + 1
− Φ

(
x(i) − x

s
, 0, 1

)∣∣∣∣ ,
(
α, β ≥ 1

)
.

If an alternatively distribution is both symmetric and of negative (positive) excess kurtosis
α = β = 0 (α = β = 1) are recommended.

The similarity measure M (2.4) of N(0, 0.096) and EECK(p =50, 1.96), as was men-
tioned in Subsection 2.1, is 0.999. In the legend of Figure 7, the values of the similarity
measure M of the normal distribution and the EECK are given. Figure 7 (left) shows PDF
of the N(0, 0.096) and EECK(p, 1.96) distributions. For the presented values of the shape
parameters, an excess kurtosis of the EECK is negative (see Table 5). If p increases, the simi-
larity measure also increases. Figure 7 (right) shows PDF of the N(0, 0.259) and EECK(p, 1.3)
distributions. The similarity measure M of N(0, 0.259) and EECK(p =2.75, 1.3) is 0.999.
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Figure 7: The EECK(p, q) distribution with values of the similarity measure M
to the normal distribution.

Table 5: Modeling of negative excess kurtosis γ2. EECK(p, 1.96).

EECK(p, 1.96) N(0, 0.096)

γ2: −1 −0.75 −0.5 −0.4 −0.3 −0.2 −0.1 −0.05 −0.025 0

p: 0.49 1.451 3.3 4.627 6.731 10.58 19.882 32.188 45.316 —

Source: Own material.
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For the presented values of the shape parameters, an excess kurtosis of the EECK is
positive (see Table 6). If p decreases, the similarity measure M increases.

Table 5 (Table 6) shows the modeling of negative (positive) excess kurtosis, i.e. for a
given value of γ2 of the EECK(p, 1.96) (EECK(p, 1.3)) the value of the shape parameter p is
calculated.

Table 6: Modeling of negative excess kurtosis γ2. EECK(p, 1.3).

EECK(p, 1.3) N(0, 0.259)

γ2: 0.5 0.4 0.3 0.2 0.1 0.05 0.025 0.01 0.005 0.001 0

p: 8.261 6.95 5.891 5.018 4.286 3.963 3.81 3.721 3.693 3.669 —

Source: Own material.

Phase 1. In this phase the aim is to investigate to what degree selected GoFTs listed
in Table 7 are able to distinct between the normal and proposed distributions. In other
words the aim is to determine powers of GoFTs being under discussion when samples come
from EECK(p, q) general populations. For the aim to be accomplished, critical values cv0.05

ascribed to GoFTs (where α = 0.05 is the test significance level) were needed. These critical
values were estimated with the Monte Carlo method. Seven large scale experiments were
performed each of which devoted to one of GoFT. Each experiment consisted of generating
105 samples of sizes n = 20, 40, 60. The samples followed the N(0, 0.096) and N(0, 0.259)
distributions. Each sample was tested for normality. Obtained in this way values of test
statistics (denoted Qi, i=1, 2, ...,m) were collected an then ranked. Critical values were
assessed according to the formula cv0.05 = Q[αm].

Table 7 present obtained cv0.05 critical values. Tables 8 and 9, in turn, present relevant
test powers when samples come from the EECK(p, q) general populations. Each experiment
consisted of generating 105 samples of sizes n = 20, 40, 60. The shape parameter is q = 1.96
(q = 1.3). Values of the shape parameter p were listed in Table 5 (Table 6).

Table 7: Critical values cv0.05 for GoFTs. The samples of size n followed the N(0, s).

n: 20 40 60

s: 0.096 0.259 0.096 0.259 0.096 0.259

LF 0.19177 0.19202 0.13841 0.13844 0.11385 0.11376
CvM 0.12278 0.12223 0.12445 0.12446 0.12490 0.12484
AD 0.72300 0.71959 0.73751 0.73840 0.74215 0.74084
SW 0.98287 0.98282 0.98860 0.98861 0.99140 0.99139
SF 0.98464 0.98469 0.99003 0.99007 0.99248 0.99249
Hn 0.00077 0.00076 0.00038 0.00038 0.00025 0.00025
LFm 0.16195 0.17471 0.12388 0.12895 0.10450 0.10726
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The conclusions from Tables 8 and 9 are very interesting. For n = 20, the LF, CvM,
AD, SW, Hn tests detect only γ2 = −1, LFm — γ2 = −0.75; LFm, SF tests detect even
γ2 = 0.001. For n = 40, the LF, CvM, AD, SW, Hn and LFm tests detect only γ2 = −0.75;
LF, CvM, AD, Hn, and LFm tests detect even γ2 = 0.001. For n = 60, the AD, Hn and LFm

tests detect only γ2 = −0.5; LF and CvM tests detect only γ2 = −0.75; LF, CvM, AD, Hn,
and LFm tests detect even γ2 = 0.001.

Table 8: Powers of tests at α = 0.05, when the EECK(p, 1.96) is the actual
population distribution. The case of negative excess kurtosis values.

γ2

−l −0.75 −0.5 −0.4 −0.3 −0.2 −0.1 −0.05 −0.025 0

p
GoFT n

0.49 1.451 3.3 4.627 6.731 10.58 19.882 32.188 45.316 —

20 0.063 0.046 0.044 0.045 0.045 0.048 0.048 0.049 0.050 0.050
LF 40 0.099 0.058 0.048 0.045 0.047 0.047 0.049 0.049 0.050 0.050

60 0.148 0.074 0.052 0.049 0.047 0.047 0.049 0.051 0.050 0.051

20 0.074 0.047 0.044 0.042 0.044 0.047 0.047 0.049 0.050 0.050
CvM 40 0.144 0.069 0.049 0.045 0.045 0.046 0.048 0.049 0.049 0.050

60 0.237 0.095 0.055 0.049 0.046 0.046 0.049 0.049 0.049 0.051

20 0.079 0.047 0.041 0.040 0.042 0.045 0.047 0.048 0.050 0.050
AD 40 0.178 0.075 0.048 0.043 0.044 0.044 0.047 0.049 0.048 0.050

60 0.311 0.109 0.057 0.048 0.045 0.045 0.048 0.049 0.048 0.050

20 0.083 0.043 0.036 0.038 0.039 0.041 0.045 0.048 0.048 0.049
SW 40 0.223 0.071 0.040 0.036 0.036 0.038 0.043 0.046 0.049 0.051

60 0.429 0.115 0.047 0.039 0.037 0.037 0.043 0.045 0.046 0.051

20 0.034 0.022 0.025 0.030 0.033 0.039 0.045 0.049 0.050 0.049
SF 40 0.083 0.025 0.019 0.021 0.025 0.032 0.041 0.045 0.050 0.052

60 0.195 0.040 0.019 0.020 0.023 0.028 0.040 0.045 0.047 0.051

20 0.075 0.049 0.043 0.044 0.044 0.046 0.047 0.048 0.049 0.049
Hn 40 0.154 0.074 0.051 0.046 0.047 0.046 0.048 0.049 0.049 0.051

60 0.259 0.105 0.059 0.053 0.049 0.050 0.051 0.051 0.050 0.053

20 0.082 0.056 0.050 0.049 0.048 0.050 0.049 0.049 0.051 0.051
LFm 40 0.125 0.073 0.054 0.050 0.051 0.049 0.051 0.050 0.050 0.051

60 0.181 0.087 0.059 0.053 0.051 0.049 0.050 0.051 0.050 0.051

In Phase 1, we showed that the considered GoFTs detect positive excess kurtosis better
than negative one.

Phase 2. In this phase the aim is to investigate to what degree an undetected excess
kurtosis impacts the performance of two basic tests related to parameters of the Normal
distribution, namely Student t test and Fisher–Snedecor F test.

Let x1,1, x1,2, ..., x1,n and x2,1, x2,2, ..., x2,n be two samples of sizes n drawn from par-
ticular general populations. Let us remember that t and F test statistics have the following
forms:

(4.3) ṫ =
x1 − x2√

s2
x1+s2

x2
n

, Ḟ =
s2
x1

s2
x2

,

where x1, x2 are the sample means and sx1, sx2 are the sample standard deviations.
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Table 9: Powers of tests at α = 0.05, when the EECK(p, 1.3) is the actual
population distribution. The case of positive excess kurtosis values.

γ2

0.5 0.4 0.3 0.2 0.1 0.05 0.025 0.01 0.005 0.001 0

p
GoFT n

8.261 6.95 5.891 5.018 4.286 3.963 3.810 3.721 3.693 3.669 —

20 0.072 0.069 0.064 0.060 0.055 0.056 0.053 0.054 0.054 0.053 0.050
LF 40 0.089 0.081 0.074 0.070 0.061 0.060 0.058 0.056 0.055 0.057 0.051

60 0.105 0.094 0.084 0.075 0.065 0.062 0.060 0.060 0.060 0.060 0.052

20 0.081 0.077 0.071 0.063 0.059 0.057 0.056 0.056 0.054 0.055 0.052
CvM 40 0.101 0.091 0.080 0.073 0.064 0.060 0.059 0.056 0.056 0.056 0.049

60 0.122 0.108 0.093 0.082 0.068 0.063 0.062 0.061 0.060 0.061 0.051

20 0.082 0.077 0.071 0.062 0.057 0.054 0.055 0.054 0.052 0.053 0.052
AD 40 0.101 0.090 0.079 0.071 0.062 0.058 0.056 0.054 0.053 0.053 0.049

60 0.124 0.107 0.092 0.081 0.066 0.061 0.060 0.058 0.057 0.059 0.051

20 0.081 0.073 0.067 0.060 0.052 0.051 0.049 0.048 0.047 0.050 0.050
SW 40 0.098 0.085 0.074 0.060 0.052 0.047 0.045 0.044 0.044 0.048 0.050

60 0.114 0.095 0.079 0.064 0.050 0.045 0.044 0.042 0.042 0.046 0.051

20 0.102 0.092 0.081 0.072 0.062 0.058 0.055 0.055 0.052 0.057 0.049
SF 40 0.127 0.111 0.093 0.074 0.061 0.053 0.049 0.048 0.049 0.053 0.049

60 0.148 0.125 0.102 0.078 0.058 0.050 0.047 0.045 0.044 0.051 0.052

20 0.078 0.073 0.068 0.061 0.058 0.056 0.055 0.054 0.053 0.055 0.052
Hn 40 0.094 0.084 0.076 0.069 0.061 0.058 0.056 0.055 0.054 0.054 0.049

60 0.118 0.105 0.091 0.080 0.067 0.063 0.061 0.060 0.059 0.061 0.053

20 0.082 0.078 0.073 0.066 0.061 0.060 0.057 0.057 0.057 0.057 0.050
LFm 40 0.100 0.091 0.082 0.076 0.066 0.064 0.062 0.060 0.059 0.060 0.050

60 0.116 0.104 0.092 0.081 0.069 0.066 0.064 0.064 0.063 0.063 0.051

The course of action was as follows:

Step 1: m = 105 pairs of samples both of size n = 60 were drawn from EECK(4.627,

1.96) (for negative excess kurtosis) and EECK(3.669, 1.3) (for positive excess
kurtosis) general populations.

Step 2: These pairs of samples were consecutively, converted into pairs of ṫv statistics
and Ḟv statistics, v = 1, 2, ...,m.

Step 3: Sets of values of ṫv and Ḟv statistics were stored in two matrices named T

and F .

Step 4: The matrices were sorted in ascending order and served to determine two
empirical CDFs namely Θt

(
ṫv

)
and ΘF(Ḟv).

Step 5: Probability papers were employed to check whether the above empirical CDFs
fit the Student and Fisher–Snedecor distributions.

Figures 8 and 9 show empirical CDFs of Step 4 plotted on the Student and Snedecor
probability papers, when samples were drawn from EECK(4.627, 1.96) and EECK(3.669, 1.3),
appropriately. These probability papers were constructed in the same way as the Normal
probability is constructed.
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Figure 8: Empirical CDFs of Step 4 plotted on the Student and Snedecor
probability paper. Case of negative excess kurtosis values.
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Figure 9: Empirical CDFs of Step 4 plotted on the Student and Snedecor
probability paper. Case of positive excess kurtosis values.

It turns out that the empirical distribution in question perfectly fit straight lines that
relevant theoretical distributions. Thus, we can conclude that Student and Fisher–Snedecor
tests may be applied even as population distributions are of negative (see Figure 8) or positive
(see Figure 9) excess kurtosis.

4.2. Fitting distributions to data

Symmetric distributions have limited use in fitting the distributions to data (e.g. normal
distribution). However, the situation looks much better when we use their mixture (e.g.
compound normal distribution).

For the purposes of this subsection, we extend the domain of the EECK(p, q) from
[−1, 1] to [−a, a] (a ∈ R). PDF of the modified EECK(p, q) distribution denoted as
EECK2(x; a, p, q) has the form

(4.4) EECK2(x; a, p, q) =

∫ a
−a

[
1−

(
|x|
a

)q]p
dx

2
∫ a
0

[
1−

(
|u|
a

)q]p
du

, x ∈

{
(−a, a) if −1 < p < 0,

[−a, a] if p≥ 0.
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In this subsection, we present real data examples to demonstrate a flexibility of the
EECK(p >−1, q > 0) distribution in the mixed variant. PDF of the compound EECK
(CEECK) distribution is given by

(4.5) CEECK(x; a, p1, q1, p2, q2, ω) = ω EECK2(x; a, p1, q1) + (1−ω) EECK2(x; a, p2, q2).

The estimation of the model parameters is carried out by the maximum likelihood method.
To avoid local maxima of the logarithmic likelihood function, the optimization routine is run
100 times with several different starting values that are widely scattered in the parameter
space. The KS GoFT was used for model fitting, while the AIC, BIC and HQIC were used
for model comparisons. The p-values for the KS GoFT is calculated as follows. First, we
obtain the values of the KS test statistics (denoted ST) for true values of parameters Θ̂ based
on the sample x(1), x(2), ..., x(n). In the next step we simulate 103 samples x′(1), x

′
(2), ..., x

′
(n)

from the given distribution with true values of parameters Θ̂. For each sample, we calculate
the values of the KS test statistics (denoted STs). Finally, the p-value is calculated as
p ≈ #{i : STs

i > ST}10−3.

Real data examples

The first data set presents temperature dynamics of beaver Castor canadensis in north-
central Wisconsin (Reynolds, 1994). Body temperature was measured by telemetry every 10
minutes from one period of less than a day. The data consists of 114 observations of the
variable “measured body temperature in degrees Celsius” and are available in the R software
with code beaver1[3].

The second data set contains statistics, in arrests per 100,000 residents for assault in
each of the 50 US states in 1973 (McNeil, 1977). The data consisting of 50 observations are
available in the R software with code USArrests[2].

The models selected for comparison with the CEECK(x; a, p1, q1, p2, q2, ω) are:

• the compound ECK (CECK):

fCECK(x; a, p1, p2, ω) = ω

�
1−x2

a2

�p1

aB(0.5, p1+1) + (1−ω)

�
1−x2

a2

�p2

aB(0.5, p2+1) ;

• the compound normal (CN):

fCN(x; a1, b1, a2, b2, ω) = ω φ(x; a1, b1) + (1−ω) φ(x; a2, b2);

• the compound Laplace (CL):

fCL(x; a1, b1, a2, b2, ω) = ω
2b1

exp
[
exp

(
− |x−a1|

b1

)]
+ 1−ω

2b2
exp

[
exp

(
− |x−a2|

b2

)]
;

• the compound Cauchy (CC):

fCC(x; a1, b1, a2, b2, ω) = ω

π b1

�
1+

�
x−a1

b1

�2� + 1−ω

π b2

�
1+

�
x−a2

b2

�2� ;

• the compound logistic (CLOG):

fCLOG(x; a1, b1, a2, b2, ω) =
ω exp

�
x−a1

b1

�

b1

�
1+exp

�
x−a1

b1

�2� +
(1−ω) exp

�
x−a2

b2

�

b2

�
1+exp

�
x−a2

b2

�2� .
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Tables 10 and 11 present values of the MLEs, log-likelihood function l, information
criteria, KS test statistics and p-value for the first and second data set, respectively. The
lowest values are in bold. The values of standard errors (calculated in the R software) for
some parameters in the CEECK models are surprisingly large compared to other models.
These values for the first data set are smaller than for the second data set. Figure 10 presents
histograms, estimated PDFs of the analyzed models for the first (left) and second (right)
data sets.

Table 10: Results of estimation for the first data set.
The respective standard errors are in parentheses.

KS
Model MLEs AIC BIG HQIC

(p-value)

ba = 4.151(1.144), bp1 = 2.039(1.981),
0.040

CEECK bq1 = 0.700(0.827), bp2 = 8958.252(33.333), 321.570 337.987 328.233
bq2 = 5.371(0.623), bω = 0.660(0.177)

(0.978)

ba = 5.010(3.732),
0.041

CECK bp1 = 5.413(11.662), bp2 = 55.361(95.471), 318.331 329.275 322.773
bω = 0.484(0.162)

(0.964)

ba1 = −2.700(0.025), bb1 = 0.042(0.017),
0.084

CN ba2 = 0.071(0.086) bb2 = 0.906(0.062), 319.489 333.170 325.041
bω = 0.026(0.015)

(0.324)

ba1 = −0.580(0.022), bb1 = 0.722(0.326),
0.087

CL ba2 = 0.144(0.010), bb2 = 0.663(0.107), 320.786 334.467 326.338
bω = 0.201(0.127)

(0.277)

ba1 = −0.581(0.187), bb1 = 0.353(0.133),
0.103

CC ba2 = 0.226(0.095), bb2 = 0.369(0.075), 336.771 350.452 342.324
bω = 0.294(0.149)

(0.142)

ba1 = 0.045(0.080), bb1 = 0.492(0.040),
0.050

CLOG ba2 = −2.700(0.029), bb2 = 0.026(0.012), 314.636 328.317 320.188
bω = 0.975(0.015)

(0.877)

Source: Own material.
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Figure 10: Histograms and estimated PDF of analyzed models
for first (left) and second (right) data sets.
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Table 11: Results of estimation for the second data set.
The respective standard errors are in parentheses.

KS
Model MLEs AIC BIG HQIC

(p-value)

ba = 2.040(0.070), bp1 = 183.915(34.654),
0.088

CEECK bq1 = 378.415(68.096), bp2 = 389.387(86.483), 139.901 151.373 144.270
bq2 = 23.107(9.233), bω = 0.203(0.141)

(0.687)

ba = 9.802(0.154),
0.136

CECK bp1 = 32.874(0.613), bp2 = 63.054(8.567), 149.929 157.577 152.841
bω = 0.356(0.078)

(0.215)

ba1 = −0.637(0.182), bb1 = 0.567(0.125),
0.072

CN ba2 = 1.089(0.241), bb2 = 0.473(0.169), 142.002 151.562 145.643
bω = 0.631(0.122)

(0.853)

ba1 = 0.999(0.023), bb1 = 0.415(0.126),
0.061

CL ba2 = −0.693(0.022), bb2 = 0.473(0.107), 143.930 153.490 147.570
bω = 0.392(0.089)

(0.944)

ba1 = −0.650(0.129), bb1 = 0.404(0.114),
0.081

CC ba2 = 1.025(0.080), bb2 = 0.223(0.112), 156.244 165.805 159.885
bω = 0.655(0.101)

(0.767)

ba1 = −0.617(0.157), bb1 = 0.355(0.074),
0.072

CLOG ba2 = 1.099(0.163), bb2 = 0.262(0.088), 143.369 152.929 147.009
bω = 0.648(0.103)

(0.880)

Source: Own material.

The CLOG model is the best in terms of the AIC, BIC and HQIC values and the
CEECK model is distinguished in terms of the KS GoFT. It has the lowest KS test statistics
and the highest p-value (see Table 10). The CEECK model is the best in terms of the AIC,
BIC and HQIC values and the CL model is distinguished in terms of the KS GoFT. It has
the lowest KS test statistics and the highest p-value (see Table 11). Based on the graphical
and the numerical results, the CEECK distribution is considered as one of the best models
for the analyzed data sets.

5. CONCLUSIONS

The article presents the extended easily changeable kurtosis (EECK) distribution, the
special cases of which are the ECK, uniform and triangle distributions. The new proposal
tends to the normal distribution. The EECK, like the ECK, belongs to the family of symmet-
ric, unimodal distributions, defined in the finite domain with excess kurtosis values on infinite
interval. The obtained results demonstrate that the EECK distribution can be extremely use-
ful when we want to seamlessly test GoFT’s ability to detect deviations from normality by
modeling of negative or positive excess kurtosis. Student and Fisher–Snedecor tests may be
applied even as population distributions are of negative or positive excess kurtosis. Real data
example demonstrates that the EECK(p, q) distribution in the mixed variant is flexible and
competitive model that deserves to be added to the existing distributions in data modeling.
The information presented in the article shows that the proposed distribution deserves to be
added to the symmetric distribution family.
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1. INTRODUCTION

The proper interpretation of P-values in science has been debated for decades (Green-
land, 2017; Amrhein et al., 2019). Widespread misinterpretation of this measure has even
led some academic journals to abandon its use (Lakens, 2021). However, Greenland et al.

(2022) emphasize that P-values can still provide valid information for making sound scientific
decisions if used as a measure of statistical compatibility instead of statistical significance.
In this regard, there are some considerations to be made. Let’s suppose we choose a specific
statistical test and set a certain target assumption (e.g., also called “target hypothesis”). Ev-
ery statistical test is mathematically built on the condition that all assumptions, including
the target, are true. Then, in a Fisherian sense, the P-value measures the degree of com-
patibility of the statistical result (the test statistic) with the target and all the background
assumptions (e.g., linearity, normality, properly functioning measurement devices). P-values
close to 1 indicate high compatibility, while P-values close to 0 indicate low compatibility.
Thus, although we may be interested solely in the target hypothesis, it is important to under-
stand that the P-value does not privilege said hypothesis over any other. Indeed, violating
the background assumptions can strongly influence P-values, making them uninformative for
the fixed scientific goal. Moreover, the reliability of the statistical outcome depends on the
scientist’s ability to conduct the whole experimental procedure (which cannot be carried out
without uncertainties). This means selecting a model capable of providing useful information
to analyze the scientific phenomenon (which includes choosing proper data collection meth-
ods, estimators or parameters, and hypotheses) as well as guaranteeing human attributes like
competence, honesty, transparency, and collaboration (Greenland, 2023a). Thus, in light of
the interpretative uncertainties that P-values entail, the practice of sharply distinguishing
arbitrarily close values (e.g., P = 0.049 and P = 0.051) is meaningless. According to this,
from now on, we will refer to the condition “all background assumptions are true” using
the expression “utopian scenario” (emphasizing the practical impossibility of achieving it).
Even in the utopian scenario, the P-value is mathematically precluded from providing in-
formation about the investigated scientific phenomenon: at best, it can be understood as
the probability that, in an ideal world of pure chance, we would obtain a discrepancy from
the target hypothesis prediction as or more extreme than that obtained in our experiment
according to the performed test.1 The key point is that the model assumes that chance is
the sole factor at play. In other words, under the target null assumption of zero effect, the
statistical model mathematically excludes the occurrence of any scientific phenomenon other
than chance (e.g., if our objective is to investigate a drug’s effectiveness, under the target
null assumption of zero effect, the statistical model we implement mathematically excludes
the existence of any pharmacological effect). Indeed, a statistical model takes numbers and
yields numbers; it is up to the scientist to interpret these based on the research context. For
this reason, it never makes sense to state that the P-value is the probability that chance
produced or would produce the observed scientific effect. Even in the utopian scenario, the
P-value alone never allows the researcher to epistemically reject a target hypothesis or to
confirm it (since even a P-value of .99 does not exclude the presence of many other models
with equal compatibility). In this regard, P-values are not absolute measures of compatibil-
ity, as the data consistency with a certain hypothesis could change drastically depending on

1The phrase “chance alone produces” is incomplete as it does not encompass fields of science where ran-
domness is the absence of any cause. Nevertheless, this expression has been chosen because it was considered
clearer and suitable for the context of public health.
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the adopted test (e.g., the data may be highly consistent with the normality hypothesis via
Shapiro–Wilk, but not Kolmogorov–Smirnov). Alongside this, degrees of compatibility that
appear markedly different could be highly compatible with each other. As shown by McShane
et al. (2023), an original study with P = 0.005 and a replication study with P = 0.194 were
highly compatible with one another in the sense that the P-value of the chosen comparison
test, assuming no difference between them, was P = 0.289. Therefore, the difference be-
tween “statistically significant” and “statistically not significant” would be “statistically not
significant” at the 0.05 level (Gelman and Stern, 2006). Nonetheless, the pitfall of adopting
dichotomous thresholds goes beyond this example, as it blends two incompatible approaches:
the (neo) Fisherian one, as described above, and the decision-theoretic Neyman–Pearson one.
The first is mathematically structured to provide information on individual studies under
the conditions mentioned above, while the second is mathematically structured to provide
information on groups of studies (but never on individuals within that group) in numerous
repetitions under the same scientific conditions (utopian scenario). This even leads to two
distinct mathematical definitions of the P-value, which the reader can delve into by consulting
other literature (Greenland, 2023a,b). Given that the overall goal of public health statistics
is to inform decisions based on individual studies (e.g., randomized control trials, systematic
reviews with meta-analysis, etc.), the (neo) Fisherian approach should be preferred. Never-
theless, in addition to what has already been discussed, there are further inherent difficulties
in the use of the P-value that could be addressed by adopting some valid alternatives.

2. SURPRISAL AS AN ALTERNATIVE TO STATISTICAL SIGNIFICANCE
AND COMPATIBILITY

2.1. Relationship between P-values and S-values

P-values exhibit some counterintuitive behaviors. For instance, even though the pairs
(P1 = 0.05, P2 = 0.10) and (P3 = 0.90, P4 = 0.95) are formed by P-values that differ by the
same amount, ∆P = 0.05, the information contained in the regions identified by these two
pairs differs substantially. This happens because the area of the corresponding curve is ge-
ometrically distributed differently along the bell curve. For this reason, the use of Shannon
information (also known as “surprisal” or “S-value”) has been proposed based on the follow-
ing reasoning: given the probability P of an event, this can be related to the probability
of obtaining S consecutive heads by flipping an unbiased coin S times using the formula
P = 0.5S = 2−S (Rafi and Greenland, 2020). It follows that S = − log2 P . In the utopian
scenario, the S-value measures the degree of surprise of the test result (the “t” statistics)
compared to the target assumption. The aim is to compare “statistical significance” with a
phenomenon that we are familiar with in everyday life. However, mathematically speaking,
the S-value measures continuous information (bits). It is up to the reader to interpret that
information in relation to the context. Values such as S = 4.3 cannot be understood as “4.3
consecutive heads”; however, this writing can be interpreted as “in the utopian scenario, the
statistical result is approximately as surprising as 4 consecutive heads — or slightly more
than 4 consecutive heads — when tossing a fair coin 4 times”. At the conventional threshold
P = .05, S = 4.3 bits correspond. Thus, when we evaluate the difference between P1 = .05
and P2 = .10, we obtain ∆S = |S2 − S1| = log2(0.10/0.05) = 1 bit, while between P3 = .90



494 Alessandro Rovetta

and P4 = .95, we obtain ∆S = |S3 − S4| = log2(0.95/0.90) = 0.08 bits. Hence, the difference
in statistical surprise now becomes evident. However, the philosophy underlying the S-value
goes beyond this simplification: the goal is to evaluate results in classes of practical equiva-
lence. Considering the uncertainties mentioned above, there is no practical difference between
P = .05 (S = 4.3) and P = .0625 (S = 4), since both results are surprising by about as much
as 4 consecutive heads. This is why it is good practice to round S values to the nearest
integer (although more precise values should always be reported as supplementary material
to allow for multi-comparison adjustments or meta-analyses).

2.2. S-values don’t address the magnitude fallacy

Surprisals can be effective in properly evaluating statistical surprise, but they cannot
address the common confusion about the difference between statistical surprise or compatibil-
ity and magnitude (Greenland et al., 2016; Kühberger et al., 2015). Therefore, this paragraph
will address the relationship between statistical compatibility and effect size, allowing for a
proper introduction of the relationship between surprisal and effect size. A statistical phe-
nomenon can be rare and unexpected (high surprise) but weak (low magnitude), meaning it
may have little practical impact. For example, while following a weight-loss diet in accordance
with the health recommendations of their primary care physician, one may consistently lose
about one gram per day for 100 days (a scientific effect that is unlikely to be due to chance)
but still be far from their target weight (indeed, losing 100 grams in 100 days has a negligible
impact on physical health). If we were to statistically model such a real-world situation using
linear regression, we would obtain a very low P-value (indicating a surprising result) under the
null model, but also a very low slope coefficient (indicating that the trend’s intensity would
be low compared to the predetermined objective) (Rovetta, 2023). Nevertheless, the P-value
is linked to the concept of effect size (ES), as it can generally be expressed, at least, as a
function P = f(ES, N) where N is the sample size. Considering a fixed N = N0, the P-value
could be exclusively linked to the effect size. The latter can be examined through the effect
size parameter (which can provide information on the intensity of the statistical phenomenon)
but also through the width of confidence intervals (which can provide information on how the
statistical effect size changes in relation to the P-value). However, the concept of confidence is
commonly (mis)understood within an inferential fashion, i.e., it does not probabilistically con-
cern our single already completed experiment. Indeed, a confidence interval can be obtained
by selecting an arbitrary threshold α and performing the operation 100 · (1− α)%; the most
well-known case is α = .05 with a 95% confidence interval. When testing continuous data, by
calculating 95% confidence intervals in infinite utopian applications, 95% of these intervals
contain the true value (coverage probability) (Biau et al., 2010). However, even assuming
that a sufficiently large number of repetitions of the experiment is enough and assuming to
work in the utopian scenario in each of these, such an approach cannot mathematically tell
us which intervals contain the true value. Furthermore, the above definition of confidence
interval conflicts with the abandonment of statistical significance thresholds. To solve these
dilemmas, Rafi and Greenland (2020) propose a terminological modification: give up the term
“confidence” in favor of the Fisherian term “compatibility”. In this framework, considering
the utopian scenario, a compatibility interval contains all the target assumption predictions
that, compared to certain threshold hypotheses and according to the performed test, are
more compatible with the calculated experimental result (e.g., the difference between two
sample estimators or population parameters). In other words, any model prediction that lies
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inside (resp. outside) the obtained compatibility interval will result in a P-value higher (resp.
lower) than the selected threshold. In order to address the problem of the arbitrary threshold
choice, it has been proposed to provide tables that relate various P-values to their respective
compatibility intervals or to present multiple compatibility intervals (e.g., 50%, 75%, 90%).
A particularly interesting and information-rich solution is to graphically represent all com-
patibility intervals from 1% to 99% (Rafi and Greenland, 2020). However, this may greatly
increase the reading load or even be confusing in the case of multiple results. Besides, there
is currently a clear asymmetry in the definition and application of the concepts of compatibil-
ity interval and statistical surprise (S-value) since the former remains confined by definition
within the scope of statistical significance (P-value). For these reasons, the present manuscript
proposes and discusses two points: 1) the concept of surprisal interval, which can address the
issues related to the obscured relationship between compatibility interval and surprise, and
2) a novel convention to compress information on the relationship between P/S-value and
compatibility/surprisal intervals (based on the work of Xie and Singh (2013) concerning con-
fidence distribution) and allows the presentation of these results in a single compact form.

3. SURPRISAL-BASED APPROACH

3.1. Surprisal interval

The definition of surprisal interval is based on a specific partition of the probabil-
ity density function. Specifically, it consists of associating the natural values S = 1, 2, ..., n

with their respective areas by exploiting the relationship P = 2−S . The first ten results are
shown in Table 1. Through this operation, it is now possible to define surprisal intervals
(S-I), analogous to confidence intervals (CI). We consider the case of a normal distribu-
tion (Figure 1). Let’s assume we want to find a 4-I (S = 4). The corresponding exact
P-value is P = 2−4 = 0.0625 ∼ 0.063. Therefore, the corresponding compatibility interval
is (1− 0.063) · 100% CI = 93.7% CI. To calculate it in practice, we need to ask ourselves:
what is the value of z for which the area under the Gaussian curve between −z and z

is equal to 0.937 (i.e., 93.7% of the total unit area)? The answer is reported in Table 1.

Table 1: Association between surprisal (S-I) and compatibility intervals (CI).

S-value P -value z-value*** 100 · (1 − P )% CI

1 0.500 0.67 50%
2 0.250 1.15 75%
3 0.125 1.53 87.5%
4 0.063 1.86 93.7%
5 0.031 2.16 96.9%
6 0.016 2.42 98.4%
7 0.008 2.66 99.2%
8 0.004 2.89 99.6%
9 0.002 3.10 99.8%
10 0.001 3.30 99.9%

*** The shown z-values are valid only for the Gaussian distribution; conversely, the relationships
between S-values, P-values, and compatibility intervals are general.
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Afterward, it is sufficient to calculate 93.7% CI=(r− z · σ̄, r + z · σ̄) = (r−1.86 · σ̄, r +1.86 · σ̄),
where r is the calculated experimental result and σ̄ is the standard error.

S-values and Surprisal Intervals 7

Figure 1: Surprisal intervals for integer values of S from 1 to 10.

in the utopian scenario. The 4-I contains all and only the values h such that r−h
(i.e., the difference between r and h) is less surprising, according to the chosen
test, than 4 consecutive heads when tossing a fair coin. Therefore, a general
definition of surprisal interval is as follows:

Definition 3.1. If and only if all the background assumptions are true, a
surprisal interval (or S-interval) is the interval that contains all and only the target
assumption predictions that are less surprising than S consecutive heads - when
tossing a fair coin - compared to the calculated experimental result according to
the statistical test.

Let’s apply this new definition to evaluate a two-tailed one-sample t-test
for a sample mean value of x̄ = 10, with a standard error σ̄ = 5 and a population
mean value µ = 0 (such that r = x̄ − µ = 10 − 0 = 10). For simplicity, we
also assume that the degrees of freedom are greater than 30 (such that t ∼ z)
and all the background assumptions are sufficiently met. Let’s then calculate
the following S-intervals: 4-I, 5-I, and 6-I. According to Table 1, S = 4 implies
t = 1.86 (this happens because, in this specific example, t ∼ z). So, we have 4-I
= (r− t · σ̄, r + t · σ̄) = (10− 1.86 · 5, 10 + 1.86 · 5) = (1, 19). Similarly, we obtain
5-I = (−1, 21) and 6-I = (−2, 22). It is now easy to observe that the difference
between r = 10 and the null hypothesis prediction (h = 0) is more surprising than
4 consecutive heads and less surprising than 5. In fact, the 4-I has a lower bound
equal to h = 1 while the 5-I has a lower bound equal to h = −1 (hence, h = 0
must be somewhere in the middle). Considering the 4-I, we can also observe that
r − h = 10− h is less surprising than 4 consecutive heads for all h ∈ (1, 19) and

Figure 1: Surprisal intervals for integer values of S from 1 to 10.

The interpretation of our 4-I is as follows: in the utopian scenario, all target assumption
predictions that lie inside (resp. outside) the 4-interval are less (resp. more) surprising than
getting 4 consecutive heads — when flipping a fair coin 4 times — compared to the calculated
experimental result according to the statistical test. In other words, let’s suppose we choose
a specific statistical test and consider a target assumption predicting an effect h. Let’s also
suppose we calculate an experimental result r (e.g., the difference between two population
mean values) in the utopian scenario. The 4-I contains all and only the values h such that
r − h (i.e., the difference between r and h) is less surprising, according to the chosen test,
than 4 consecutive heads when tossing a fair coin. Therefore, a general definition of surprisal
interval is as follows:

Definition 3.1. If and only if all the background assumptions are true, a surprisal
interval (or S-interval) is the interval that contains all and only the target assumption pre-
dictions that are less surprising than S consecutive heads — when tossing a fair coin S times
— compared to the calculated experimental result according to the statistical test.2

Let’s apply this new definition to evaluate a two-tailed one-sample t-test for a sample
mean value of x̄ = 10, with a standard error σ̄ = 5 and a population mean value µ = 0 (such
that r = x̄− µ = 10− 0 = 10). For simplicity, we also assume that the degrees of freedom
are greater than 30 (such that t ∼ z) and all the background assumptions are sufficiently
met. Let’s then calculate the following S-intervals: 4-I, 5-I, and 6-I. According to Table 1,
S = 4 implies t = 1.86 (this happens because, in this specific example, t ∼ z). So, we have 4-I
= (r− t · σ̄, r + t · σ̄) = (10−1.86 ·5, 10+1.86 ·5) = (1, 19). Similarly, we obtain 5-I = (−1, 21)
and 6-I = (−2, 22). It is now easy to observe that the difference between r = 10 and the null

2Here, “surprise” does not refer to the probability that a hypothesis is true but to the surprise elicited by
comparing the hypothesis with the observed result under the assumptions, in analogy with the surprise elicited
when the hypothesis “the coin is unbiased” is confronted with the observation of S heads in S tosses.
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hypothesis prediction (h = 0) is more surprising than 4 consecutive heads and less surprising
than 5. In fact, the 4-I has a lower bound equal to h = 1 while the 5-I has a lower bound
equal to h = −1 (hence, h = 0 must be somewhere in the middle). Considering the 4-I, we can
also observe that r− h = 10− h is less surprising than 4 consecutive heads for all h ∈ (1, 19)
and more surprising than 4 consecutive heads for all h < 1 or h > 19.3 To provide a compact
overview of the variation in the width of our S-intervals as a function of the corresponding
S-values, we can adopt the notation 5|4-I = (−1, 21|1, 19), which can be easily extended to
three or more surprisal intervals depending on the needs of the authors and stakeholders (e.g.,
6|5|4-I = (−2, 22| − 1, 21|1, 19)). Thus, in general, we can define the convention as follows:

Definition 3.2. An n-tuple of surprisal intervals can be expressed as S1|···|Sn-I =
(S1-I|···|Sn-I).

Each Si represents a specific S-value and each Si-I represents the corresponding sur-
prisal interval. As an additional convention, it could be suggested to report at least three
surprisal intervals: the narrowest S-interval containing the prediction of the null hypothe-
sis, the narrowest S-interval not containing the prediction of the null hypothesis, and the
4-interval. The first two serve to locate the null hypothesis prediction, while the third serves
as a general reference for comparison with other surprisal intervals (as it covers about 94%
of the area, similarly to the classic 95% CI). In the previous example, the binary formulation
5|4-I = (−1, 21|1, 19) was sufficient.

3.2. Practical advantages of surprisal intervals

In general, the concept of surprisal as a measure of statistical surprise is absolutely
unnecessary from a purely mathematical, statistical, or computational point of view. As a
matter of fact, a correct use of P-value and compatibility intervals could compensate for any
criticality exposed in the introductory section (although this would be much longer, subtle,
and uneasy to present). However, the world of hard sciences is forced to confront a very dif-
ferent reality linked to the psychology and perception of the scientists who adopt and develop
them. For instance, Rafi and Greenland (2020) argue that the misuse of statistical significance
is primarily a cognitive and semantic problem rather than a statistical issue (Biau et al., 2010).
Greenland et al. (2016) also suggest that the inability to find a straightforward interpretation
of the concept of P-value paradoxically favors the proliferation of oversimplified explanations.
The same author of this paper has found, during his experience as an editor and peer reviewer
in public health-related topics, not only widespread poor knowledge about the difference be-
tween the Fisherian and Neyman–Pearson approaches but also a furious resistance to change
despite the overwhelming evidence provided. The authors’ motivations ranged from “We
don’t want to make reading complicated” to “We prefer to maintain the traditional use of
significance”. This scenario is strongly consistent with the concerns raised by internationally
renowned statisticians as well as the official statements of the American Statistical Asso-
ciation (Wasserstein and Lazar, 2016). In 2014, Professor George Cobb openly denounced
the pivotal role of academic journals and universities in the unwarranted success of P = 0.05.

3It must be clear that this scenario is valid for the chosen test; performing a different test could substantially
alter these outcomes.
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Such illogical behaviors are compatible with some phenomena of cognitive psychology whereby
modifying a consolidated belief or behavior is highly complex and often temporary when suc-
cessful (even in scientists) (Swire-Thompson et al., 2023; Rovetta and Castaldo, 2022). As
early as 1919, Boring emphasized the limitations of the mathematical approach in modeling
scientific reality and stressed the impossibility of formulating conclusions based solely on sta-
tistical approaches (Boring, 1919). The fact that, over 100 years later, despite the knowledge
accumulated over this period, such concepts elude a significant fraction of the scientific com-
munity is signaling more than a formative problem. Accordingly, McShane and Gal observed
that dichotomization decreases (but does not eliminate) when researchers are prompted to
make decisions based on the evidence, especially if the outcome has personal consequences
(McShane and Gal, 2016). Still, that’s not all: diabolical academic dynamics such as publish
or perish and publication bias push authors to exploit fallacious interpretations of P-values
and compatibility intervals to voluntarily exaggerate the apparent degree of evidence found in
their studies, thus increasing their chances of being published and cited (Friese and Franken-
bach, 2020). Based on this, the purely interpretative aspect of a statistical measure can have
very important practical consequences, especially in sectors — such as public health — where
errors and overstatements must be weighed on the cost function for stakeholders. In particu-
lar, the main objective of this approach is to complete the proposal for replacing P-values with
S-values by also requiring the replacement of “confidence” intervals with surprisal intervals.
The total abandonment of statistical significance also brings with it the abandonment of all
incorrect practices related to erroneous familiarity (e.g., judging a result as non-significant
when P < α or is included in the 100(1− α)% CI, or considering α = 0.05 and 95% CIs as
some sort of privileged options) and prevents such dichotomies and prejudices at the root.
The same term“significance” is inevitably and intrinsically replaced with the term“surprise”,
thus avoiding unnecessary, dangerous, as well as frequent confusion with practical significance
(effect size) or even clinical significance. In order to give the reader an idea of the proportion
of these errors in the medical field, a previous study found that only one out of 52 students
was able to properly distinguish these concepts (Kühberger et al., 2015).

In addition to this, surprisal intervals make the relationship with the measure of surprise
of the outcome much clearer and more direct than compatibility intervals do with P-values.
First, in addition to terminological consistency, the presentation of results is based on the same
statistical quantity, namely, the integer number of consecutive heads when tossing an unbiased
coin (bits) rather than a decimal measure of statistical compatibility and a percentage area.
Second, the relationship between different intervals is much more intuitive since S-values lin-
earize the behavior of the distribution. For example, an inexperienced user, as often happens,
may easily think that the 99|95|91-%CI situation is symmetrical with respect to the central
interval when, in fact, this includes very different compatibility requests (since they corre-
spond respectively to 7, 4, and 3 consecutive heads in as many tosses); this cannot happen if
the 7|4|3-I notation is used. Third, instead of setting arbitrary thresholds, the user can decide
which intervals to show without exceeding confidence in the result. For example, if S = 8
is obtained, it may be useful to show an 8-I in order to understand what is the range of least
surprise associated. This solution is highly advantageous because it allows the presentation of
the result surprisal and the associated surprisal interval in a single compact form. This also
allows for simplifying, both conceptually and operationally, procedures such as adjustment
for multicomparison since S-values and S-intervals are no longer separable. Furthermore,
while compatibility intervals consent to choose very specific degrees of precision (e.g., 94% or
95% or 96%), in the case of S-intervals the degree of precision is forced to be 1 bit. Ergo, the
user is led to evaluate the results in less clear-cut terms (e.g., about 8 consecutive heads).
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4. CONCRETE APPLICATION EXAMPLES

4.1. Example 1

The design of this study is intentionally non-optimal for didactic purposes. The aim is
to show a proper application of the S-interval concept as well as the potential and limitations
of the statistical approach. Let’s suppose we have developed a long-term treatment to reduce
blood pressure in hypertensive individuals. We convince 10 patients with clinically similar
conditions to adopt this treatment for 3 months. We measure blood pressure levels before
and after the treatment, obtaining the data in Table 2.

Table 2: Hypothetical blood pressure data before and after treatment: case 1.

Patient Before (mmHg) After (mmHg) Differences (mmHg)

1 140 132 −8
2 150 145 −5
3 130 128 −2
4 135 139 +4
5 145 140 −5
6 138 132 −6
7 142 143 +1
8 128 125 −3
9 152 148 −4
10 134 130 −4

Since we are searching for a reduction, we decide to apply a one-sided one-sample t-
test. To do so, in addition to assuming that all experimental procedures have been executed
correctly (including random sampling), we need to check the compatibility of the data with the
following assumptions of the test: i) normal distribution (including the absence of outliers), ii)
independence of observations, iii) interval or ratio data. Since the data (column“Differences”)
represents continuous real number values of blood pressure from independent patients, we can
reasonably consider assumptions ii) and iii) to be validated. To investigate the compatibility
of the data with the assumption of normality, we observe that the data reasonably follows
the Q-Q plot line (readers can easily verify this independently). So, we can apply the one-
sample t-test with reasonable confidence in its interpretability. The mean value is x̄ = −3.2
(SD 3.5). By choosing the null one-sided assumption h ≥ 0, the largest experimental result
is r = x̄−min{h} = −3.2 and the associated test result is t9 = −2.9, which implies S = 6.8
(i.e., the test result is as surprising as just under 7 consecutive heads in 7 tosses under the
model). Can we conclude anything? The quick answer is no. Indeed, we have no idea how
the degree of surprise of our result varies compared to other hypotheses. To remedy this, we
construct the following S-intervals: 6|5|4|3-I. The goal is to understand the“rapidity”at which
statistical surprise diminishes to less surprising levels. We obtain 6|5|4|3-I = (−∞,−0.4|
−∞,−0.8| −∞,−1.3| −∞,−1.8). In practice, we lose 1 bit (head) for every 0.5 mmHg,
which implies that even hypotheses involving very small benefits (such as −1.3 mmHg) are
only weakly surprising relative to the observed result, under the model. This indicates that
our results are highly unstable. Therefore, we cannot conclude anything other than “these
results are too uncertain to properly inform a scientific conclusion”.
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4.2. Example 2

The scenario is supposed to be the same as the previous example, but in this case,
we refer to the data in Table 3. Let’s take all the statistical and non-statistical background
assumptions for granted (the statistical ones can be easily investigated, as shown in the
previous example).

Table 3: Hypothetical blood pressure data before and after treatment: case 2.

Patient Before (mmHg) After (mmHg) Difference (mmHg)

1 140 127 −13
2 150 140 −10
3 130 123 −7
4 135 136 +1
5 145 135 −10
6 138 141 +3
7 142 138 −4
8 128 120 −8
9 152 143 −9
10 134 125 −9

In this case, we have an average value x̄ = −6.6 (SD 5.1). By choosing the null one-sided
assumption h ≥ 0, the largest experimental result is r = x̄−min{h} = −6.6 and the associ-
ated test result is t9 = −4.1, which implies S = 9.5 (i.e., the test result is more surprising
than 9 consecutive heads in 9 tosses under the model). To assess the surprise decrease rapid-
ity against different target assumptions, we construct the following S-intervals: 9|7|5|3-I =
(−∞,−0.4| −∞,−1.8| −∞,−3.2| −∞,−4.6). In this case, the decrease could be acceptable.
Thus, can we say we have proven the effectiveness of the treatment? Absolutely not. As
mentioned earlier, statistics is a limited component of scientific inquiry. So, can we at least
say we have found evidence in favor of the treatment’s effectiveness? No. At best, we have
found evidence compatible with the effectiveness of the treatment. However, this evidence is
also compatible with other equally valid hypotheses. For example, the absence of a control
group prevents us from establishing the impact of atmospheric variations and changes in the
patients’ physical activity and dietary habits over these 3 months (e.g., with the onset of sum-
mer, patients might spend more time outdoors and be inclined toward a more Mediterranean
diet). Bias analysis is extremely important in this regard (Lash et al., 2014). Alongside this,
the sample is arguably too small to be representative of the entire population. At the ethical
and scientific level, we must assess the invasiveness of the therapy. For instance, does the
effect size justify any potential physical and/or psychological adverse events? Not only that,
statistics deals with numbers, i.e., it is unable to encompass the clinical complexity of each
individual patient. Indeed, patients 4 and 6 even recorded an increase in blood pressure that
should be investigated clinically. Furthermore, the dataset exhibited high variability (per-
centage variation coefficient=77%). Nonetheless, admitting that there are valid biochemical
reasons to suspect the effectiveness of the treatment, in the event that the latter has not
yielded negative consequences for the patients, these results could justify further research.
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5. DISCUSSION

The adoption of surprisal intervals completes the evaluative approach of statistical sur-
prise, avoiding any reliance on statistical significance and confidence (topics that are much
more complex and cryptic even for expert statisticians). S-intervals finally make explicit
the relationship between surprise and effect size and, in light of the uncertainties that affect
the testing of a statistical hypothesis, prevent the adoption of excessively sharp and sense-
less statistical significance thresholds. This interpretation is reinforced by the definition of
S-intervals, which only permits reporting intervals at least 1 bit apart. For this reason, the
conventions and methodologies suggested in this paper never allow for the statistical rejec-
tion or acceptance of a single target hypothesis since the researcher is urged to reason only
in terms of greater or lesser surprise (also in relation to effect size estimation intervals). In-
deed, any concrete action of this type (e.g., to promote a drug for commercialization) must
be made solely based on a careful evaluation of the quality of the evidence available and a
detailed analysis of biases, costs, and benefits for stakeholders since no mere statistical cri-
terion can ever automatically demonstrate causation nor answer the question, “Is it worth
it?” The final decision must, therefore, be informed by the union of evidence of various kinds
(e.g., statistical tests, proven chemical-biological mechanisms, clinical reports, etc.). Such
scientific practice, known as decision analysis, is central for public health (Greenland et al.,
2016; Rovetta, 2023; Lash et al., 2014; Greenland, 2021). In addition to this, the compact
formulation of multiple intervals can provide a much more complete and clearer overview than
that described by a traditional confidence/compatibility interval without excessively burden-
ing the reading, i.e., remaining suitable to be used in summary sections such as the abstract.
Although the problems related to statistical testing are numerous and go beyond the scope
of this manuscript (e.g., arbitrary multiple comparisons adjustments, p-hacking, statistical
power misconceptions, and publication bias), the interpretation of test results is fundamental
or integral to each of these (Greenland, 2017; Greenland et al., 2016; Rovetta, 2023; Biau
et al., 2010; Rafi and Greenland, 2020; Greenland, 2023b; Kühberger et al., 2015; Friese and
Frankenbach, 2020; Lash et al., 2014; Greenland, 2021; Lakens, 2021; Greenland et al., 2022;
Greenland, 2023a; McShane et al., 2023; Gelman and Stern, 2006; Wasserstein and Lazar,
2016; Boring, 1919; McShane and Gal, 2016; Amrhein et al., 2019). Surprisal intervals, in
conjunction with surprisals, can provide great assistance to the scientific community in fram-
ing research problems, especially in the field of public health where errors regarding statistical
significance are as frequent as they are dangerous. In fact, comparing test results to a per-
ceptually familiar phenomenon, such as the number of consecutive successes (heads) when
flipping an unbiased coin, not only greatly simplifies the evaluation of the statistical weight of
the event under consideration but also contributes to avoiding overstatements. Consequently,
it is highly recommended that surprisal intervals be adopted in future scientific investigations
based on statistical testing.
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Stéphane Girard
– Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK,

38000 Grenoble, France
stephane.girard@inria.fr

Received: August 2023 Revised: January 2024 Accepted: January 2024

Abstract:

• We address the estimation of extreme quantiles of Weibull tail-distributions. Since such quantiles
are asymptotically larger than the sample maximum, their estimation requires extrapolation meth-
ods. In the case of Weibull tail-distributions, classical extreme-value estimators are numerically
outperformed by estimators dedicated to this set of light-tailed distributions. The latter estimators
are based on two key quantities: an order statistic to estimate an intermediate quantile and an
estimator of the Weibull tail-coefficient used to extrapolate. The common practice is to select the
same intermediate sequence for both estimators. We show how an adapted choice of two different
intermediate sequences leads to a reduction of the asymptotic bias associated with the resulting
refined estimator. This analysis is supported by an asymptotic normality result associated with the
refined estimator. A data-driven method is introduced for the practical selection of the intermedi-
ate sequences and our approach is compared to three estimators of extreme quantiles on simulated
data. An illustration on a real data set of daily wind measures is also provided.

Keywords:

• extreme quantile; bias reduction; Weibull tail-distribution; extreme-value statistics; asymptotic
normality.

AMS Subject Classification:

• 60G70, 62G32, 62G20.

� Corresponding author

https://doi.org/10.57805/revstat.v23i4.668
https://orcid.org/0000-0003-2947-3496
mailto:jonathan.el-methni@univ-grenoble-alpes.fr
https://orcid.org/0000-0003-0098-2369
mailto:stephane.girard@inria.fr


504 J. El Methni and S. Girard

1. INTRODUCTION

Let X1, X2, ..., Xn be independent and identically distributed random variables with
cumulative distribution function F and let X1,n ≤ ··· ≤ Xn,n denote the associated order
statistics. We consider the case where F belongs to the family of Weibull tail-distributions
(Broniatowski, 1993):

(A.1) F is twice differentiable and F (·) = 1−exp(−H(·)) with V (t) := H←(t) = tθ`(t)
for all t > 0, where θ > 0 is called the Weibull tail-coefficient and where ` is a
(positive) slowly-varying function, i.e. `(tx)/`(x) → 1 as x→∞ for all t > 0.

Here, and in the following, Φ←(·) = inf{x ∈ R,Φ(x) > ·} denotes the generalized inverse of
an increasing function Φ. The inverse cumulative hazard function V is said to be regularly-
varying at infinity with index θ and this property is denoted by V ∈ RVθ (see Bingham
et al., 1989, for a detailed account on this topic). The shape parameter θ is referred to as the
Weibull tail-coefficient. Weibull tail-distributions are part of the Gumbel maximum domain of
attraction, i.e. with extreme-value index γ = 0 (see Gardes et al., 2011, Proposition 2(ii)), and
as such, are light-tailed distributions. They include for instance exponential (θ = 1), Gamma
(θ = 1), logistic (θ = 1), Normal (θ = 1/2) and Weibull distributions (θ is the inverse of the
shape parameter) (see Girard, 2004, Table 1). We refer to Beirlant and Teugels (1992) for
an application to the modeling of large claims in non-life insurance and to Vladimirova et al.

(2020) for an analysis of neural networks distributional properties.

Dedicated methods have been proposed to estimate the Weibull tail-coefficient θ since
the relevant information is localised in the extreme upper part of the sample. Most approaches
rely on the kn upper order statistics Xn−kn+1,n, ..., Xn,n where kn →∞ as n→∞. Note
that, since θ is defined through a tail behavior, the associated estimator should only use
the extreme-values of the sample and thus the extra condition kn/n→ 0 is required. More
specifically, recent estimators are based on the log-spacings between the kn upper order
statistics (Beirlant et al., 1996; Gardes and Girard, 2006; Gardes et al., 2011; Girard, 2004)
or on the mean excess function (Beirlant et al., 2006, 1995, 2009). The introduction of kernel
based weights has been investigated for both approaches (see Gardes and Girard, 2008, for the
log-spacings case, and Goegebeur and Guillou, 2011, for the mean excess function framework).
A bias reduction method adapted to the estimation of the Weibull tail-coefficient is proposed
in Diebolt et al. (2008) and the adaptation to random censoring is achieved in Worms and
Worms (2019).

We address the problem of estimating extreme quantiles of Weibull tail-distributions.
Recall that an extreme quantile q(αn) of order αn is defined by q(αn) = F←(1− αn) with
nαn → 0 as n→∞. The latter condition implies that q(αn) is almost surely asymptotically
larger thanXn,n, the sample maximum. It is shown in Gardes and Girard (2005) that classical
extreme-value estimators of such large quantiles are numerically outperformed by estimators
dedicated to Weibull tail-distributions (Diebolt et al., 2008); see also Lemma A.1 in the
Appendix for a theoretical argument. The latter methods estimate q(αn) by combining two
ingredients: an order statistic Xn−kn+1,n and an estimator of the Weibull tail-coefficient θ
used to extrapolate from this anchor point.

In this work, we show that the biases associated with the previous extrapolation method
and the estimator of θ may asymptotically cancel out in the extreme quantile estimator thanks
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to an appropriate tuning of the number of upper order statistics involved in the Weibull tail-
coefficient estimator. The construction of the resulting estimator is presented in Section 2 and
an asymptotic normality result is provided, emphasizing that the proposed extreme quantile
estimator is asymptotically less biased than the original one (Gardes and Girard, 2005). Its
performances are illustrated on simulated data in Section 3 and compared to three state-of-
the-art competitors (Beirlant et al., 2009; Diebolt et al., 2008; Gardes and Girard, 2005). An
illustration on a real data set of daily wind measures is provided in Section 4. Finally, a small
conclusion is proposed in Section 5 and the proofs are postponed to the Appendix.

2. A REFINED ESTIMATOR OF THE EXTREME QUANTILE

2.1. Extreme quantile estimators

Weibull-tail estimators of the extreme quantile q(αn) rely on an intermediate quantile
q(kn/n) where (kn) is an intermediate sequence of integers, i.e. such that kn ∈ {1, ..., n− 1},
kn →∞ and kn/n→ 0 as n→∞ (see for instance Diebolt et al., 2008; Gardes and Girard,
2005). Indeed, in view of (A.1), one has

(2.1)
q(αn)
q(kn/n)

=
V (log(1/αn))
V (log(n/kn))

'
(

log(1/αn)
log(n/kn)

)θ
=: τ θn,

as n→∞, where τn = log(1/αn)/log(n/kn) is the (logarithmic) extrapolation factor. From
an intuitive point of view, an extreme quantile can thus be approximated by multiplying an
intermediate quantile by an appropriate extrapolation term: q(αn) ' q(kn/n)τ θn. The inter-
mediate quantile q(kn/n) can then be estimated by its empirical counterpart Xn−kn+1,n while
the extrapolation term depends on the tail heaviness through θ which has to be estimated as
well. Following the ideas of Allouche et al. (2023), we propose a refined Weissman (Weissman,
1978) type estimator:

(2.2) q̂n(αn, kn, k′n) = Xn−kn+1,n

(
log(1/αn)
log(n/kn)

)θ̂n(k′n)

= Xn−kn+1,n τ
θ̂n(k′n)
n ,

with θ̂n(k′n) an estimator of θ depending on another intermediate sequence (k′n). Let us focus
on the estimator introduced in Gardes and Girard (2006):

(2.3) θ̂RSH
n (k′n) =

1
µ(log(n/k′n))

1
k′n

k′n∑
i=1

(logXn−i+1,n − logXn−k′n+1,n),

with, for t > 0, µ(t) =
∫ +∞
0 log

(
1 + x

t

)
e−xdx = etE1(t), where E1 is the Exponential integral

function (Abramowitz and Stegun, 1964, p. 228). This estimator is motivated by the remark
that, in view of (2.1), the log-spacings between two quantiles are approximately proportional
to θ. This property is also used in the real data application (see the top-right panel of
Figure 4) to visually check the Weibull-tail assumption. Clearly, θ̂RSH

n (·) can be interpreted
as a rescaled Hill estimator since

(2.4) θ̂RSH
n (k′n) =

γ̂H
n (k′n)

µ(log(n/k′n))
,

where γ̂H
n (·) is the well-known Hill estimator (Hill, 1975) of the extreme-value index γ.
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Let us note, when k′n = kn, one recovers the extreme quantile estimator for Weibull tail-
distributions introduced in Gardes and Girard (2005). In the next paragraph, the asymptotic
normality of q̂n(αn, kn, k′n) is established, and it is shown that choosing k′n 6= kn can yield bet-
ter results from an asymptotic point of view. A similar phenomenon occurs in the estimation
of the endpoint of a distribution in the Weibull maximum domain of attraction, see Aarssen
and de Haan (1994) for details. We also refer to Allouche et al. (2023) for the estimation of
the tail-index in the Fréchet maximum domain of attraction.

2.2. Asymptotic analysis

The study of the limit distribution of q̂n(αn, kn, k′n) requires a second-order condition
on the slowly-varying function ` introduced in (A.1):

(A.2) There exist ρ ≤ 0 and b(t) → 0 as t→∞, with ultimately constant sign, such
that uniformly locally on x ≥ 1,

lim
t→∞

1
b(t)

log
(
`(tx)
`(t)

)
= Kρ(x) :=

∫ x

1
uρ−1du.

It can be shown that necessarily |b| ∈ RVρ. The second-order Weibull parameter ρ ≤ 0 tunes
the rate of convergence of the ratio `(tx)/`(t) to 1. The closer ρ is to 0, the slower is
the convergence. Condition (A.2) is the cornerstone in all proofs of asymptotic normality
for extreme-value estimators. Again, we refer to (Girard, 2004, Table 1) for ρ parameters
associated with usual Weibull tail-distributions. Our first result is a refinement of (Gardes
and Girard, 2006, Corollary 3.1). It provides an asymptotic normality result for the extreme
quantile estimator (2.2) based on two intermediate sequences (kn) and (k′n).

Theorem 2.1. Assume (A.1) and (A.2) hold. Let (kn) and (k′n) be two intermediate

sequences and introduce (αn) a probability sequence such that αn → 0 as n→∞. Suppose,

as n→∞,

(i)
√
k′nb(log(n/k′n)) → λ ∈ R,

(ii) log(n/k′n)/ log(n/kn) → β ≥ 1,

(iii) τn → τ > β.

Then, as n→∞,

(2.5)
√
k′n

(
q̂n(αn, kn, k′n)

q(αn)
− 1
)

d−→ N
(
λ(log(τ)− β−ρKρ(τ)), (θ log τ)2

)
.

Let us first remark that condition (i) implies log(n/k′n) ∼ log(n) as n→∞ (see Gardes
and Girard, 2006, Lemma 5.1), then condition (ii) yields log(n/kn) ∼ log(n)/β and therefore
condition (iii) can be rewritten as log(1/αn) ∼ (τ/β) log(n) as n→∞. As a consequence,
the condition τ > β in (iii) implies nαn → 0 as n→∞ which, in turns, implies that q(αn) is
an extreme quantile.
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It follows from (2.5) that the asymptotic bias associated with q̂n(αn, kn, k′n) is given by(
log τ − β−ρKρ(τ)

)
b(log(n/k′n)) ∼ (βρ log(τ)−Kρ(τ))b(log(n/kn))

=: B(β, τ, ρ)b(log(n/kn)),

since |b| ∈ RVρ. It appears that each choice of k′n yields an associated constant β in (ii) and
thus a corresponding bias factor B(β, τ, ρ) = βρ log(τ)−Kρ(τ). From the theoretical point
of view, two cases can be considered:

• The usual choice k′n = kn yields β = 1 and one recovers (Gardes and Girard, 2006,
Corollary 3.1) as a particular case of Theorem 2.1. Moreover, for all τ > 1, ρ ≤ 0,

(2.6) B(1, τ, ρ) = log(τ)−Kρ(τ) ≥ 0,

which is the (positive) bias factor associated with the extreme quantile estimator q̂n(αn, kn, kn)
investigated in Gardes and Girard (2006). Note that ρ 7→ B(1, τ, ρ) is a decreasing function
such that B(1, τ, 0) = 0 which is an unusual situation in extreme-value theory. For instance,
the bias factor associated with the Weissman estimator (Weissman, 1978) dedicated to heavy-
tailed distributions is proportional to 1/(1−ρ) and increases with ρ (see de Haan and Ferreira,
2007, Theorem 3.2.5 and Theorem 4.3.8).

• The choice β?(τ, ρ) := (Kρ(τ)/ log(τ))1/ρ yields

(2.7) B(β?(τ, ρ), τ, ρ) = 0.

The associated intermediate sequence is given by k?n(τ, ρ) = bn(kn/n)β
?(τ,ρ)c and therefore

the extreme quantile estimator q̂n(αn, kn, k?n(τ, ρ)) is asymptotically unbiased. Note that this
estimator cannot be used in practice since the second-order Weibull parameter ρ is unknown.

Up to our knowledge, there is no estimator of the second-order Weibull parameter in
the statistical literature. In practice, one can replace the true unknown value of ρ by a
misspecified value y ≤ 0 in the above β?(τ, ρ) leading to

β?(τ, y) = (Ky(τ)/ log(τ))1/y,(2.8)

k?n(τ, y) = bn(kn/n)β
?(τ,y)c,(2.9)

B(β?(τ, y), τ, ρ) = β?(τ, y)ρ log(τ)−Kρ(τ)(2.10)

= (Ky(τ)/ log(τ))ρ/y log(τ)−Kρ(τ),

with ρ ≤ 0 and τ > 1. This misspecification technique has been used both to deal with
Pareto-type distributions (γ > 0) (see for instance Feuerverger and Hall, 1999) and Weibull
tail-distributions (γ = 0) (Diebolt et al., 2008). Some properties of the intermediate sequence
k?n(τ, y) are given in the next Lemma.

Lemma 2.1. Let β?(τ, y) and k?n(τ, y) be defined by (2.8) and (2.9) respectively.

Then, for all τ > 1:

(i) β?(τ, y) → 1 as y → −∞ and β?(τ, ·) can be extended by continuity by setting

β?(τ, 0) :=
√
τ .

(ii) 1 < β?(τ, y) < τ for all y ≤ 0.

(iii) For all y ≤ 0, k?n(τ, y) is an increasing function of kn, k
?
n(τ, y) ≤ kn and k?n(τ, y)/kn

→ 0 as n→∞.

(iv) k?n(τ, y) is a decreasing function of y ∈ (−∞, 0).
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In particular, it appears in (iii) that the number of upper order statistics k?n(τ, y) used
in the Weibull tail-coefficient estimator should be asymptotically small compared to kn for all
finite values of y. From (iv), this is all the more true as y is large. When y → −∞, meaning
that one does not take into account the bias, (i) shows that k?n(−∞, τ) = kn is recovered as a
limit case. These properties are illustrated on the left panel of Figure 1, where k?n is drawn as
a function of kn for several values of y. The next Corollary shows that these choices indeed
lead to a bias reduction in the estimation of the extreme quantile.
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Figure 1: Left: Graphs of kn ∈ {2, ..., 500} 7→ k?
n(τn, y) for y ∈ {−∞,−2,−1,−1/2, 0} respectively

in {black, blue, red, violet, green}. Right: graphs of kn ∈ {2, ..., 500} 7→ B(1, τn, ρ)
(dotted lines) and kn ∈ {2, ..., 500} 7→ B(β?(τn, ρ# = −1), τn, ρ) (solid lines) given in
equations (2.6) and (2.10), with ρ ∈ {−2,−1,−1/2} respectively in {blue, red, violet}.
On both panels: τn = log(1/αn)/log(n/kn) with αn = 1/n and n = 500.

Corollary 2.1. Assume (A.1) and (A.2) hold. Let c > 0, τ > 1, y ≤ 0, λ 6= 0 such

that λb(·) is ultimately positive, and β?(τ, y) be defined as in (2.8). Let αn = c n−τ/β
?(τ,y),

kn = bn{λ2/(nb2(log n))}1/β?(τ,y)c and define k?n(τ, y) as in (2.9).

(i) Then, as n→∞,

√
k?n(τ, y)

(
q̂n(αn, kn, k?n(τ, y))

q(αn)
− 1
)

d−→ N
(
λ(log(τ)− (Ky(τ)/ log(τ))−ρ/yKρ(τ)), (θ log τ)2

)
.

(ii) Moreover, for all τ > 1, y ≤ 0:

|B(β?(τ, y), τ, ρ)| < B(1, τ, ρ) for all ρ < 0,

B(β?(τ, y), τ, 0) = B(1, τ, 0) = 0.

Let us first highlight that
√
k?n(τ, y) ∼ λ/b(log n) as n→∞ (see the proof of Corol-

lary 2.1 in the Appendix) which is the (logarithmic) rate of convergence of usual extreme
quantile estimators dedicated to Weibull tail-distributions (see for instance Diebolt et al.,
2008, Theorem 1). In contrast, the rate of convergence of extreme quantile estimators is a
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power function of n in the Fréchet maximum domain of attraction (see de Haan and Ferreira,
2007, Theorem 4.3.8 and equation (3.2.10), for Weissman estimator, and Allouche et al.,
2023, Corollary 2, for the associated refined version). This may be seen as a consequence of
Lemma A.1 in the Appendix where it is established that the second-order parameter associ-
ated with Weibull distributions is ψ = 0.

Surprisingly, as a consequence of Corollary 2.1(ii), the extreme quantile estimator
q̂n(αn, kn, k?n(τ, y)) computed with k?n(τ, y) defined in (2.8) and (2.9) has a smaller asymp-
totic bias than the usual one q̂n(αn, kn, kn) whatever the chosen value y ≤ 0. Let us recall
that, from (2.7), the theoretical best choice would be y = ρ. In practice, we use y = ρ# = −1
leading to β?(τ,−1) = τ log(τ)/(τ − 1). This “canonical” choice is also used in Diebolt et al.

(2008) (see Section 3.2 hereafter). Let us stress that the use of a similar bias reduction
method in the Fréchet maximum domain attraction (Allouche et al., 2023) is not based on
such a misspecification technique but requires the estimation of ρ.

Corollary 2.1(ii) is illustrated on the right panel of Figure 1 through the graphical
comparison of the bias factors associated with β = β?(τ,−1) (refined Weibull-tail estimator)
and β = 1 (usual Weibull-tail estimator, Gardes and Girard, 2006). It clearly appears that,
from the theoretical point of view, the first choice yields smaller bias factors in absolute value
than the second one. The performance of the refined estimator in practice is assessed on
simulated data in the next Section.

3. VALIDATION ON SIMULATED DATA

The refined extreme quantile estimator is compared on simulated data to the original
estimator (Gardes and Girard, 2005) and to two other competitors described hereafter.

3.1. Experimental design

Let us consider the class of D(ζ, η, a)-distributions which is an adaptation of Hall’s class
(Hall, 1982; Hall and Welsh, 1985) to the Weibull-tail framework. In this family, the inverse
cumulative hazard function is defined for all x > 0 by

V (x) := x1/ζ

(
1 +

a

η
x−η

)
,

with a, ζ, η > 0 and ζη ≤ 1. Under these conditions, the above class of distributions fulfills
assumptions (A.1) and (A.2) with Weibull tail-coefficient θ = 1/ζ, second-order Weibull
parameter ρ = −η, slowly-varying function `(x) = 1 + (a/η)x−η and b(x) = −ax−η. Unlike
classical distributions such as the (absolute) Normal distribution N (µ, σ) (θ = 1/2, ρ = −1
and b(x) = log(x)/(4x)), the Gamma distribution G(υ 6= 1, λ) (θ = 1, ρ = −1 and b(x) =
(1− υ) log(x)/x) and the Weibull distribution W(υ, λ) (θ = 1/υ, ρ = −∞ and b(x) = 0), it
is thus possible to obtain D-distributions with arbitrary Weibull tail-coefficient θ > 0 and
second-order Weibull parameter ρ ∈ [−θ, 0).
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In the following, we set θ ∈ {1/2, 3/4, ..., 5/2}, ρ ∈ {−5/2,−2, ...,−1/2}, a = 10 and
focus on the only 25 situations of the D-distribution where ρ ≥ −θ to fulfill the constraint
ζη ≤ 1, see Table 1. We also consider 5 situations from the (absolute) Normal distribution
N (µ, σ = 1) with µ ∈ {1, 3, 5, 7, 9}, 4 situations from the Gamma distribution G(υ, λ = 1) with
υ ∈ {4, 6, 8, 10} and 2 situations from the Weibull distribution W(υ, λ) with υ = λ ∈ {1/2, 2}.
In each case, N = 1, 000 replications of a data set of n = 500 i.i.d. realisations are simulated
from the 25 + 5 + 4 + 2 = 36 considered parametric models. Finally, the same two cases as in
Diebolt et al. (2008) are investigated for the order of the extreme quantile: αn ∈ {1/n2, 1/n4}.
Summarizing, this experimental design includes 36× 2 = 72 configurations.

Table 1: All considered configurations for (ρ, θ). The letter stands for the distribution
and the subscript for the number of investigated situations. As an example,
N5 corresponds to the (absolute) Normal distribution N (µ, σ = 1) where
five cases are considered µ ∈ {1, 3, 5, 7, 9}.

(ρ, θ) 1/2 3/4 1 5/4 3/2 7/4 2 9/4 5/2

−∞ W1 W1

−5/2 D1

−2 D1 D1 D1

−3/2 D1 D1 D1 D1 D1

−1 N5 G4/D1 D1 D1 D1 D1 D1 D1

−1/2 D1 D1 D1 D1 D1 D1 D1 D1 D1

3.2. Competitors

The refined estimator dedicated to the estimation of extreme quantiles for Weibull tail-
distributions is compared to three competitors. All three estimators share the same structure
and rely on three quantities, i.e. the order statistic Xn−kn+1,n, an extrapolation term and an
estimator of the Weibull tail-coefficient.

Let us first consider the estimator (2.3) of the Weibull tail-coefficient introduced in
Gardes and Girard (2006). The extreme quantile estimator proposed in Gardes and Girard
(2005) can be interpreted as a particular case of (2.2) with k′n = kn and θ̂n(·) = θ̂RSH

n (·),
see (2.4):

(3.1) q̂RSH
n (αn, kn) = Xn−kn+1,n τ

θ̂RSH
n (kn)
n .

More recently, an estimator of the Weibull tail-coefficient based on the mean excess function
t 7→ m(t) = E(X − t |X > t) has been introduced in Beirlant et al. (2009). In practice, the
authors estimate m(Xn−j,n) for all j ∈ {1, ..., kn} by its empirical counterpart:

m̂n(Xn−j,n) =
1
j

j∑
i=1

Xn−i+1,n −Xn−j,n,

which leads to the following estimator of θ based on log-spacings between the mean excesses:

θ̂MEF
n (kn) =

1− 1
γ̂H
n (kn)

1
kn

kn∑
j=1

log m̂n(Xn−j,n)− log m̂n(Xn−kn−1,n)

−1

.
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Letting k′n = kn and θ̂n(·) = θ̂MEF
n (·) in (2.3) yields the following estimator of the extreme

quantile:

(3.2) q̂MEF
n (αn, kn) = Xn−kn+1,n τ

θ̂MEF
n (kn)
n .

Up to our knowledge there exists only one bias-reduced extreme quantile estimator dedicated
to Weibull tail-distributions. This estimator (Diebolt et al., 2008) is based on a least-squares
approach and involves a bias-reduced estimator of the Weibull tail-coefficient proposed by
the same authors (Diebolt et al., 2008):

θ̂LSE
n (kn) = Ȳkn − b̂(log(n/kn))x̄kn ,

where

Ȳkn =
1
kn

kn∑
j=1

Yj with Yj = j log(n/j)(logXn−j+1,n − logXn−j,n),

x̄kn =
1
kn

kn∑
j=1

xj with xj = log(n/kn)/ log(n/j),

and where

b̂(log(n/kn)) =
kn∑
j=1

(xj − x̄kn)Yj

/
kn∑
j=1

(xj − x̄kn)2 .

The associated extreme quantile estimator is defined as

(3.3) q̂LSE
n (αn, kn) = Xn−kn+1,n τ

θ̂LSE
n (kn)
n exp

(
b̂(log(n/kn))Kbρn

(τn)
)
.

The authors suggest to choose in practice ρ̂n = ρ# = −1. This estimator features two bias
corrections: a first one in the estimator of the Weibull tail-coefficient and a second one in
the extrapolation term. This estimator is built under the assumption that x|b(x)| → ∞ as
x→∞ leading to the constraint ρ ≥ −1. The latter assumption is fulfilled by the class of
D(ζ, η, a)-distributions when η ≤ 1.

Finally, recall that our estimator is given by

(3.4) q̂RWT
n (αn, kn, k?n(τn,−1)) = Xn−kn+1,n τ

θ̂RSH
n (k?

n(τn,−1))
n ,

where k?n(τn,−1) = bn(kn/n)β
?(τn,−1)c and β?(τn,−1) = τn log(τn)/(τn − 1). For the sake of

simplicity, the above extreme quantile estimators (3.1)–(3.4) are respectively referred to as
RSH, MEF, LSE and RWT in the sequel.

3.3. Selection of the intermediate sequence

All four considered extreme quantile estimators (RWT, RSH, LSE, MEF) depend on
the intermediate sequence kn. The selection of kn is a crucial point which has been widely
discussed in the extreme-value literature. A new algorithm for the selection of kn is pro-
posed in Allouche et al. (2023), basing on a bisection method inspired from random forests.
The objective is to find the region with the smallest variance in a given series {Z1, ..., Zm}.
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The proposed method starts by randomly splitting the series into two parts, computes the
variance in each sub-region and repeats the action in the one with smallest variance until
getting a final single point (see Allouche et al., 2023, Algorithm 2). The above procedure is
embedded in a bootstrap technique (see Allouche et al., 2023, Algorithm 1), and the final k†n
is selected by taking the median across the T = 10, 000 bootstrap samples. In the simulations,
Zj = q̂(αn, kj,n), an estimator (RWT, RSH, LSE or MEF) of the extreme quantile at level αn
computed with the intermediate sequence kj,n ∈ {15, 16, ..., 3n/4}.

3.4. Results

The performance of the four extreme quantile estimators is assessed using the Mean
absolute relative error:

(3.5) MARE(q̂n(αn)) =
1
N

N∑
i=1

∣∣∣∣∣ q̂(i)n (αn, k
(i,†)
n )

qn(αn)
− 1

∣∣∣∣∣,
where q̂

(i)
n (αn, k

(i,†)
n ) denotes the estimator computed on the i-th replication, i ∈ {1, ...,

N=1, 000} with the intermediate sequence k
(i,†)
n selected using the above described pro-

cedure. The computed MAREs are provided in Table 4 and Table 6 for αn = 1/n2 and in
Table 5 and Table 7 for αn = 1/n4. The results are summarized in Table 2: We start by
remarking that, as expected, the smaller the order αn of the extreme quantile is, i.e. the more
one extrapolates, the larger the error is. This is true for all four considered estimators. The
proposed RWT estimator is the most accurate one in average since it provides the best results
in 48% of cases. Let us remark that, since we fixed ρ# = −1, the RWT estimator performs
best overall when ρ is close to −1. The second most accurate estimator is LSE which pro-
vides the best results in 26% of the considered cases (19 out of 72 situations). As expected,
and similarly to the RWT estimator, it performs well when ρ = −1. The RSH estimator
shares similar performances with 25% of best results. It is remarkably efficient when ρ = −∞
(all 4 situations) and more surprisingly when ρ = −1/2 where it obtains 14 best results.

Table 2: Summary of results obtained in Tables 4–7. Best estimator of the extreme quantiles
q(αn= 1/n2) & q(αn= 1/n4) computed on simulated data from Weibull tail-distributions.
The situations in bold are illustrated for the D(ζ = 1/θ, η = −ρ, a = 10)-distribution on
Figure 2 and Figure 3.

(ρ, θ) 1/2 3/4 1 5/4 3/2 7/4 2 9/4 5/2

−∞ RSH RSH
−5/2 LSE
−2 RWT RWT RWT

−3/2 RWT RWT RWT RWT RWT
−1 RWT/LSE RWT/LSE RWT RWT LSE/MEF LSE LSE LSE

−1/2 RWT LSE RSH RSH RSH RSH RSH RSH RSH

RSH performs well in this difficult case despite the fact that it does not benefit from a bias
reduction. This unexpected performance may be explained by the relatively small bias factor,
see the graph of B(1, ·,−1/2) in the right panel of Figure 1. The four cases where RSH fails
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to obtain the best results when ρ = −1/2 correspond to a Weibull tail-coefficient θ smaller
than 1. Finally, MEF yields very poor estimations (even in the strict Weibull case), with less
than 2% of best results (only 1 situation). In particular, it does not give acceptable results
(with MARE ≥ 1) in 22% of the considered situations.

As an illustration, the median and MARE associated with the RWT, RSH and LSE
estimators computed on a D(ζ, η, a = 10)-distribution for αn = 1/n2 are depicted on Figure 2
and Figure 3 as functions of kn. In Figure 2, the Weibull tail-coefficient is fixed to θ = 3/2 and
ρ ∈ {−1/2,−1,−3/2} decreases (from top to bottom), while, in Figure 3, the second-order
Weibull parameter is fixed to ρ = −1 and θ ∈ {1, 3/2, 2} increases (from top to bottom). In
most of these situations, the RWT estimator has the smallest bias and thus the minimum
value of the MARE is reached for larger values of kn than RSH and LSE. To conclude, it
appears on these experiments that, overall, the RWT estimator performs the best within the
four considered estimators. One of its main competitors is LSE, which, similarly to RWT,
considers the two sources of bias (associated with the Weibull tail-coefficient estimator and
the extrapolation term).

4. ILLUSTRATION ON A REAL DATA SET

We study a data set of daily wind measures (inm/s) at Reims (France) from 01/01/1981
to 04/30/2011. For seasonality reasons, only the months from October to March are consid-
ered, resulting in n = 5, 371 measures, see the top-left panel of Figure 4 for an histogram of
the considered data. It is shown in Albert et al. (2020) that the Weibull tail model represents
fairly well the upper tail of these data. The goal is to estimate the extreme quantile q(1/n)
(with 1/n ' 1.86 · 10−4) and to compare it to the maximum of the sample xn,n = 42.26 m/s.

To this end, the Weibull tail-coefficient is estimated first by θ̂RWT
n (k†n) = θ̂RSH

n (k̂?n) =
0.5597, where k†n = 2, 877 has been selected following the procedure introduced in Allouche
et al. (2023) and sketched in Subsection 3.3. This yields k̂?n = k̂?n(τn, ρ

#) = 961 where we set
ρ# =−1. As a visual check, a Weibull quantile-quantile plot of the log-excesses (logXn−i+1,n−
logXn−k̂?

n+1,n) versus (log log(n/i)− log log(n/k̂?n)) for i ∈ {1, ..., k̂?n} is drawn on the top-right
panel of Figure 4. The relationship appearing in this plot is approximately linear, which con-
stitutes an empirical evidence that the Weibull-tail assumption makes sense and that k̂?n = 961
is a reasonable choice for the estimation of the Weibull tail-coefficient. A line with the esti-
mated value θ̂RWT

n (k†n) = 0.5597 as slope is added to the quantile-quantile plot highlighting
the linear relationship. The function kn 7→ θ̂RSH

n (kn) is plotted on the bottom-left panel
of Figure 4, it features as a nice stability for all kn ∈ {100, ..., 4000}. A similar procedure
is carried out for the other three estimators to select k†n. The two Weibull tail-coefficient
estimators RSH and MEF that do not benefit from a bias reduction provide respectively
the smallest and the largest estimation: θ̂RSH

n (k†n) = 0.5017 and θ̂MEF
n (k†n) = 0.6693, while

the bias-reduced estimator LSE gives a value θ̂LSE
n (k†n) = 0.6077 close to the RWT estimate

θ̂RWT
n (k†n) = 0.5597. These results are reported in Table 3 with the corresponding estimated

extreme quantiles q̂n(1/n). The estimates of the extreme quantile provided by RSH and MEF
seem to respectively underestimate and overestimate q(1/n) with respectively RSH(1/n) =
33.89 m/s and MEF(1/n) = 49.53 m/s while the sample maximum is xn,n = 42.26 m/s.
It appears that LSE(1/n) = 37.08 is significantly smaller than the sample maximum.
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Let us stress that the proposed refined estimator gives the closest estimate to the maxi-
mum value of the sample: RWT(1/n) = 41.00 m/s. Note that the behaviour of the RWT
estimate is stable with respect to the choice of ρ#: RWT(1/n) ∈ {37.62, 41.00, 39.84} when
ρ# ∈ {−2,−1,−1/2} even though ρ# = −1 seems to be the best option. Finally, both sample
paths kn 7→RWT(1/n) and kn 7→LSE(1/n) enjoy a stable behaviour in a large neighbour-
hood of k†n, see the bottom-right panel of Figure 4. As a conclusion, according to RWT(1/n)
estimate, one can expect a daily wind larger than 41.00 m/s to occur in average once every
30 years during the October to March period.

Table 3: Comparison of the four estimators on the daily wind data set:
Estimates of the Weibull tail-coefficient θ and extreme quantile
q(1/n). The selected intermediate sequence k†n is also given for
each estimator.

RSH RWT LSE MEF

θ̂n(k†
n) 0.5017 0.5597 0.6077 0.6693

q̂n(1/n, k†
n) 33.89 41.00 37.078 49.53

k†
n 2,206 2,877 2,792 2,202

5. CONCLUSION

As a conclusion, the RWT estimator is an efficient tool for estimating extreme quantiles
from Weibull tail-distributions. It relies on the ideas of Allouche et al. (2023), consisting in
selecting carefully two intermediate sequences to reduce the asymptotic bias of a Weissman
type estimator. In contrast to this previous work, the proposed approach does not rely
on a preliminary estimate of the second-order parameter; Any negative value may be used,
and does yield an asymptotic bias reduction, as shown in our theoretical results. Other
surprising features of Weibull tail-distributions can be found in Asimit et al. (2010). The
proposed method provides satisfying results in our numerical experiments and outperforms
all its competitors in half of the considered situations. This work could be extended by
investigating the adaptation of this bias reduction principle to other estimators of extreme
quantiles from Weibull tail-distributions.
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Table 4: MAREs associated with the four estimators of the extreme quantile q(αn = 1/n2)
computed on simulated data from the D(ζ = 1/θ, η = −ρ, a = 10)-distribution.
The best result is emphasized in bold. MAREs larger than 1 are not reported.

RWT RSH LSE MEF

θ = 1/2

ρ = −1/2 0.0133 0.0441 0.0203 0.0969

θ = 3/4

ρ = −1/2 0.0702 0.0459 0.0412 0.2543

θ = 1

ρ = −1 0.1125 0.3449 0.1814 —
ρ = −1/2 0.1317 0.0640 0.0715 0.3015

θ = 5/4

ρ = −1 0.1430 0.3386 0.1846 0.5964
ρ = −1/2 0.1937 0.0857 0.1029 0.2283

θ = 3/2

ρ = −3/2 0.2116 0.7095 0.3844 —
ρ = −1 0.1874 0.3374 0.1900 0.4198
ρ = −1/2 0.2517 0.1090 0.1332 0.2076

θ = 7/4

ρ = −3/2 0.2470 0.6989 0.3831 —
ρ = −1 0.2442 0.3330 0.1986 0.2705
ρ = −1/2 0.3154 0.1349 0.1663 0.3809

θ = 2

ρ = −2 0.3236 0.8833 0.4406 —
ρ = −3/2 0.2869 0.6945 0.3833 —
ρ = −1 0.2934 0.3311 0.2136 0.3168
ρ = −1/2 0.3744 0.1586 0.1971 0.5915

θ = 9/4

ρ = −2 0.3710 0.8783 0.4365 —
ρ = −3/2 0.3274 0.6915 0.3847 0.6088
ρ = −1 0.3401 0.3303 0.2301 0.4946
ρ = −1/2 0.4359 0.1818 0.2262 0.7415

θ = 5/2

ρ = −5/2 0.8958 0.9493 0.3713 —
ρ = −2 0.4301 0.8754 0.4420 —
ρ = −3/2 0.3824 0.6891 0.3874 0.4998
ρ = −1 0.4050 0.3309 0.2526 0.7070
ρ = −1/2 0.5086 0.2101 0.2629 0.8675
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Table 5: MAREs associated with the four estimators of the extreme quantile q(αn = 1/n4)
computed on simulated data from the D(ζ = 1/θ, η = −ρ, a = 10)-distribution.
The best result is emphasized in bold. MAREs larger than 1 are not reported.

RWT RSH LSE MEF

θ = 1/2

ρ = −1/2 0.0363 0.0835 0.0498 0.0871

θ = 3/4

ρ = −1/2 0.1049 0.0823 0.0685 0.2907

θ = 1

ρ = −1 0.2797 0.5471 0.3746 —
ρ = −1/2 0.1928 0.0964 0.1075 0.3572

θ = 5/4

ρ = −1 0.2941 0.5408 0.1471 0.4404
ρ = −1/2 0.2768 0.1201 0.1495 0.2738

θ = 3/2

ρ = −3/2 0.3973 0.8691 0.6227 —
ρ = −1 0.3316 0.5384 0.3743 0.3368
ρ = −1/2 0.3548 0.1467 0.1923 0.2555

θ = 7/4

ρ = −3/2 0.4242 0.8629 0.6135 —
ρ = −1 0.3813 0.5359 0.3744 0.3286
ρ = −1/2 0.4454 0.1785 0.2406 0.4611

θ = 2

ρ = −2 0.4764 0.9609 0.6591 —
ρ = −3/2 0.4616 0.8601 0.6109 —
ρ = −1 0.4351 0.5340 0.3796 0.4767
ρ = −1/2 0.5256 0.2088 0.2883 0.6809

θ = 9/4

ρ = −2 0.5542 0.9591 0.6429 —
ρ = −3/2 0.4977 0.8585 0.6088 0.6181
ρ = −1 0.4869 0.5316 0.3878 0.6607
ρ = −1/2 0.6005 0.2355 0.3304 0.8201

θ = 5/2

ρ = −5/2 - 0.9865 0.5552 —
ρ = −2 0.6308 0.9578 0.6388 —
ρ = −3/2 0.5603 0.8568 0.6047 0.6947
ρ = −1 0.5557 0.5298 0.4045 0.8317
ρ = −1/2 0.7019 0.2698 0.3847 0.9216
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Table 6: MAREs associated with the four estimators of the extreme quantile q(αn = 1/n2)
computed on simulated data from classical Weibull tail-distributions. The best
result is emphasized in bold.

RWT RSH LSE MEF

N (µ, σ = 1)

µ = 1 0.1396 0.2804 0.0798 0.1852
µ = 3 0.0776 0.0564 0.0471 0.2943
µ = 5 0.0553 0.0882 0.0440 0.2682
µ = 7 0.0334 0.0789 0.0366 0.1852
µ = 9 0.0361 0.0822 0.0381 0.1987

G(υ, λ = 1)

υ = 4 0.1417 0.2240 0.1089 0.4930
υ = 6 0.1219 0.2270 0.1071 0.5040
υ = 8 0.0943 0.2095 0.1086 0.4581
υ = 10 0.1002 0.2158 0.1017 0.4758

W(υ, λ)

υ = λ = 1/2 0.4932 0.2100 0.2593 0.8528
υ = λ = 2 0.1217 0.0510 0.0646 0.3324

Table 7: MAREs associated with the four estimators of the extreme quantile q(αn = 1/n4)
computed on simulated data from classical Weibull tail-distributions. The best
result is emphasized in bold.

RWT RSH LSE MEF

N (µ, σ = 1)

µ = 1 0.1914 0.4430 0.1212 0.3009
µ = 3 0.1162 0.1001 0.0797 0.3354
µ = 5 0.0837 0.1584 0.0897 0.2507
µ = 7 0.0780 0.1565 0.0892 0.2270
µ = 9 0.0702 0.1477 0.0856 0.1895

G(υ, λ = 1)

υ = 4 0.2206 0.3616 0.2024 0.4721
υ = 6 0.2008 0.3709 0.2126 0.4677
υ = 8 0.1906 0.3669 0.2148 0.4492
υ = 10 0.1825 0.3596 0.2137 0.4275

W(υ, λ)

υ = λ = 1/2 0.6775 0.2729 0.3886 0.9070
υ = λ = 2 0.1750 0.0664 0.0938 0.4333
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Figure 2: Illustration on simulated data sets of size n = 500 from a D(ζ = 1/θ = 2/3, η = −ρ,
a = 10)-distribution with ρ ∈ {−1/2,−1,−3/2} (from top to bottom) computed on
N = 1000 replications. Medians (left panel) and MAREs (right panel) as functions
of kn ∈ {2, ..., n− 1}, associated with estimators RWT (orange), RSH (blue) and
LSE (green) of the extreme quantile q(αn = 1/n2) (black dashed line).
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Figure 3: Illustration on simulated data sets of size n = 500 from a D(ζ = 1/θ, η = −ρ = 1,
a = 10)-distribution with θ ∈ {1, 3/2, 2} (from top to bottom) computed on
N = 1000 replications. Medians (left panel) and MAREs (right panel) as func-
tions of kn ∈ {2, ..., n− 1}, associated with estimators RWT (orange), RSH (blue)
and LSE (green) of the extreme quantile q(αn = 1/n2) (black dashed line).
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Figure 4: Illustration on the daily wind data set.
Top-left: Histogram of the data set.
Top-right: Weibull quantile-quantile plot (horizontally: (log log(n/i)− log log(n/k̂?

n)),
vertically: (logXn−i+1,n− logXn−k̂?

n+1,n) for i ∈ {1, ..., k̂?
n = 961}). A line with slope

θ̂RWT
n (k†n) = 0.5597 is superimposed in red.

Bottom-left: Estimates of the Weibull-tail coefficient RSH (blue), LSE (green) and
MEF (red) as functions of kn. The range is limited to kn ∈ {100, ..., 4000} for the
sake ok readability. The pair (k†n, θ̂n(k†n)) associated with the selected value k†n is
emphasized by a circle. The RWT estimate is represented by an orange circle on the
RSH curve.
Bottom-right: Estimates of the extreme quantile q(αn = 1/n) by RWT (orange),
RSH (blue), LSE (green) and MEF (red) as functions of kn with their associated k†n
emphasized by a circle. The sample maximum xn,n is depicted by a black dashed line.
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A. APPENDIX: Proofs

Proofs of main results are collected in Subsection A.1. Auxiliary results are provided
in Subsection A.2 and proved in the Supplementary material document.

A.1. Proofs of main results

Proof of Theorem 2.1. Clearly, the following expansion holds:√
k′n log

(
q̂n(αn, kn, k′n)

q(αn)

)
= T (1)

n + T (2)
n + T (3)

n ,

with T (1)
n =

√
k′n

(
Xn−kn+1,n

V (log(n/kn))

)
, T (2)

n =
√
k′n(log τn)(θ̂RSH

n (k′n)− θ),

and T (3)
n =

√
k′n

(
`(log(n/kn))
`(log(1/αn))

)
.

Let us consider the three terms separately. First, (Gardes and Girard, 2005, Lemma 1) shows
that, under (A.1), kn →∞, kn/n→ 0 and condition (iii):

(A.1) T (1)
n =

√
k′n/kn

log(n/kn)
θξ′n +OP

( √
k′n

kn log2(n/kn)

)
,

where ξ′n
d−→ N (0, 1). Second, (Gardes and Girard, 2006, Proposition 2.1) entails that, under

assumptions (A.1), (A.2), k′n →∞ and k′n/n→ 0, the following expansion holds:

(A.2) T (2)
n = θ log(τ)ξn + θ log(τ)µ(log(n/k′n))ξ

′′
n + log(τ)

√
k′nb(log(n/k′n))(1 + o(1)),

where ξn
d−→ N (0, 1), ξ′′n

d−→ N (0, 1). Third, (A.2) and condition (iii) imply

(A.3) T (3)
n = −Kρ(τ)

√
k′nb(log(n/kn))(1 + o(1)).

Collecting (A.1), (A.2) and (A.3), one has√
k′n log

(
q̂n(αn, kn, k′n)

q(αn)

)
= θ log(τ)ξn + θ log(τ)µ(log(n/k′n))ξ

′′
n +

√
k′n/kn

log(n/kn)
θξ′n +OP

( √
k′n

kn log2(n/kn)

)
+
√
k′n
{
log(τ)b(log(n/k′n))(1 + o(1))−Kρ(τ)b(log(n/kn))(1 + o(1))

}
.

Recalling that, from (Gardes and Girard, 2006, Lemma 5.3), µ(t) ∼ 1/t as t→∞, the above
expansion can be simplified as√

k′n log
(
q̂n(αn, kn, k′n)

q(αn)

)
= θ log(τ)ξn +

√
k′n/kn

log(n/kn)
θξ′n +OP

( √
k′n

kn log2(n/kn)

)
+
√
k′n
{
log(τ)b(log(n/k′n))(1 + o(1))−Kρ(τ)b(log(n/kn))(1 + o(1))

}
.
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Finally, remark that assumption (ii) implies k′n ≤ kn eventually and b(log(n/kn)) ∼
β−ρb(log(n/k′n)) as n→∞ so that√

k′n log
(
q̂n(αn, kn, k′n)

q(αn)

)
= θ log(τ)ξn +

√
k′nb(log(n/k′n))

(
log(τ)− β−ρKρ(τ) + o(1)

)
(1 + o(1)) + oP (1).

Assumption (i) then yields√
k′n log

(
q̂n(αn, kn, k′n)

q(αn)

)
d−→ N

(
λ(log τ − β−ρKρ(τ)), (θ log τ)2

)
and a first order Taylor expansion proves the result.

Proof of Lemma 2.1: (i) Remarking that Ky(τ) ∼ −1/y as y → −∞ for all τ > 1
yields β?(y, τ) → 1 as y → −∞. The result β?(τ, 0) :=

√
τ follows from a second-order Taylor

expansion.

(ii) First, Lemma A.3(iii) implies that, for all τ > 1 and y < 0, hy(τ) > 1 and thus
β?(τ, y) = hy(τ)−1/y > 1. Second, Lemma A.3(iii) implies that, for all τ > 1 and y < 0,
hy(τ) < τ−y/2 < τ−y when y < 0. This straightforwardly implies that Ky(τ)/ log(τ) > τy

which is equivalent to β?(τ, y) < τ . In the particular case where y = 0, from (i), one can take
β?(τ, 0) :=

√
τ < τ since τ > 1 and the result is proved.

(iii) Let us first consider k̃n(τ, y) = n(kn/n)β
?(τ,y) such that k?n(τ, y) = bk̃n(τ, y)c.

Clearly, k̃n(τ, y)/kn = (kn/n)β
?(τ,y)−1 and β?(τ, y) > 1 in view of (ii). As a consequence,

for all y ≤ 0, k̃n(τ, y) is an increasing function of kn, k̃n(τ, y) ≤ kn and k̃n(τ, y)/kn → 0 as
n→∞. These properties can be extended to k?n(τ, y) without difficulty since the integer part
is an increasing function and k?n(τ, y) ≤ k̃n(τ, y).

(iv) Routine calculations give for all τ > 1 and y < 0,

∂

∂y
log(β∗(τ, y)) =

1
y2(τy − 1)

(
τy log(τy)− τy + 1− τy log

(
τy − 1
log(τy)

)
+ log

(
τy − 1
log(τy)

))
=:

1
y2(τy − 1)

ϕ(τ, y).

Letting x := τy ∈ (0, 1) yields

ϕ̃(x) := ϕ(τ, y) = x log(x)− x+ 1− x log
(
x− 1
log(x)

)
+ log

(
x− 1
log(x)

)
,

and differentiating, one gets

ϕ̃′(x) = − log
((

1− 1
x

)
1

log(x)

)
+
(

1− 1
x

)
1

log(x)
− 1 = − log(u(x)) + u(x)− 1,

where u(x) := (1− 1/x)/ log(x) > 0. It thus appears that ϕ̃′(x) ≥ 0 for all x ∈ (0, 1) since
− log(u) + u− 1 ≥ 0 for all u > 0. As a consequence, ϕ̃(·) is an increasing function on (0, 1).
Moreover, taking account of ϕ̃(x) → 0 as x→ 1− shows that ϕ̃(x) ≤ 0 for all x ∈ (0, 1).
Finally, τy − 1 < 0 and ϕ(τ, y) ≤ 0 for all τ > 1 and y < 0 imply that β∗(τ, y) is an increasing
function of y which in turns shows that k?n(τ, y) is a decreasing function of y.
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Proof of Corollary 2.1. (i) To prove the convergence in distribution, it is sufficient
to show that conditions (i), (ii) and (iii) of Theorem 2.1 hold. Let y ≤ 0 and τ > 1. First,
one can easily check that k?n(τ, y)b

2(log n) → λ2 as n→∞ and thus
√
k?n(τ, y)b(log n) → λ

in view of the sign assumption on λ. Besides,

(A.4) log(n/k?n(τ, y)) = log n+ 2 log |b(log n)| − 2 log |λ|+ o(1) ∼ log n,

since b(·) is regularly-varying so that b(log(n/k?n(τ, y))) ∼ b(log n) and thus√
k?n(τ, y)b(log(n/k?n(τ, y))) → λ,

as n→∞. Theorem 2.1(i) is thus proved. Second, observe that

τn =
log(1/αn)
log(n/kn)

=
log(1/c)

log(n/kn)
+

τ

β?(τ, ρ)
log n

log(n/kn)

and

(A.5) log(n/kn) =
1

β?(τ, ρ)
(log n+ 2 log |b(log n)| − 2 log |λ|) + o(1) ∼ 1

β?(τ, ρ)
log n,

as n→∞. It is thus clear that τn → τ as n→∞, which is Theorem 2.1(ii). Third,
Theorem 2.1(iii) is a straightforward consequence of (A.4) and (A.5).

(ii) Proposition A.1 concludes the proof.

A.2. Auxiliary results

Let us begin with a Lemma that establishes that the strict Weibull distribution belongs
to the Gumbel maximum domain of attraction (γ = 0), and more importantly, with a second-
order parameter ψ = 0. This result illustrates why inference on Weibull-tail distributions may
be difficult since the situation γ = ψ = 0 is the most complicated one for classical extreme-
value estimators. Let us also recall that, in contrast, the second-order Weibull parameter is
ρ = −∞ (see Girard, 2004, Table 1) and therefore strict Weibull distributions are an easy
situation for dedicated Weibull-tail estimators.

Lemma A.1. Suppose F is the cumulative distribution function of a strict Weibull

distribution with shape parameter υ > 0, υ 6= 1 and scale parameter λ > 0. Then, the asso-

ciated tail quantile function U(·) := F←(1− 1/·) verifies the second-order condition

1
A(t)

(
U(tx)− U(t)

a(t)
−Kγ(x)

)
→
∫ x

1
sγ−1Kψ(s)ds,

as t→∞, for all x > 0 (see de Haan and Ferreira, 2007, equation (3.4.5)), with γ = 0, ψ = 0,

a(t) = (λ/υ)(log t)1/υ−1 and A(t) = (1− υ)/(υ log t).

The following three analytical results are used to prove Proposition A.1 below.
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Lemma A.2. Let us define for all (u, β) ∈ (0, 1]× [0, 1/2], gβ(u) := log(u)(1 + uβ)−
2(u− 1). Then, ∀β ∈ [0, 1/2] one has gβ(u) < 0 if u ∈ (0, 1) and gβ(1) = 0.

Lemma A.3. Let us define, for all τ > 1 and y ≤ 0,

hy(τ) :=
K0(τ)
Ky(τ)

=
y log(τ)
τy − 1

if y < 0 and h0(τ) := 1 otherwise.

Then,

(i) hy(·) can be extended by continuity letting hy(1) = 1 for all y ≤ 0.

(ii) hy(·) is an increasing function on [1,∞) for all y < 0 (and h0(·) is a constant

function).

(iii) 1 < hy(τ) < τ−y/2 for all τ > 1 and y < 0 (all three quantities coincide at y = 0).

Lemma A.4. Let us define, for all τ > 1 and y ≤ 0,

fy(τ) := − log(hy(τ))
y log(τ)

if y < 0 and f0(τ) = 1/2 otherwise.

Then,

(i) fy(·) can be extended by continuity letting fy(1) = 1/2 for all y ≤ 0.

(ii) fy(·) is a decreasing function on [1,∞) for all y < 0 (f0(·) is a constant function).

(iii) 0 < fy(τ) < 1/2 for all τ ≥ 1 and y < 0 (the last two quantities coincide at y = 0).

The next Proposition establishes two unexpected results. First, the bias associated
with the refined estimator of extreme quantiles is strictly smaller than the bias associated
with the original one, even though a misspecification of the second-order Weibull parameter
is used. Second, both (asymptotic) biases vanish at ρ = 0.

Proposition A.1. For all τ > 1, y ≤ 0 and ρ < 0, |B(β?(τ, y), τ, ρ)| < B(1, τ, ρ),
see (2.6) and (2.10). Besides, B(β?(τ, y), τ, 0) = B(1, τ, 0) = 0 for all τ > 1 and y ≤ 0.
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1. INTRODUCTION

The Unified Skew Normal family SUN(p,q), which was introduced by Arellano-Valle and
Azzalini (2006), is a family of asymmetric distributions generalizing the normal distribution
and incorporating parameters controlling this asymmetry. The SUN(p,q) family also general-
izes the basic asymmetric family of Skew Normal (SN) distributions, which was introduced
by Azzalini (1985) and Azzalini and Dalla Valle (1996). In practice, the SUN(p,q) familly
is used as an alternative to the gaussian distribution for modelling non-normal features as
skewness. Among the numerous methods used to generate the SUN(p,q) distributions, we find
the method known as stochastic representation by conditioning which is achieved as follows:
if (U t,V t)t is a Gaussian vector of (p, q) order, then the distribution of U |V > 0 belongs
to the family of SUN(p,q) distributions. As a result, the obtained distribution is a special
case of the so-called selection distributions (see Arellano-Valle et al., 2006). In this work, we
consider the case of SUN(1,q) distributions where U is real and V is a vector and we intend
to study the influence of the underlying (U t,V t)t vector parameters on the induced selection
distribution. More specifically, we are interested in studying the stochastic ordering of the
latter, relative to their parameters for some stochastic orders: usual stochastic order (first
dominance stochastic order), increasing concave order (second dominance stochastic order),
increasing convex order and the likelihood ratio order.

Azzalini (2014) has established the usual stochastic order for SN distributions with
respect to the skewness parameter α, whereas Loperfido et al. (2007) have shown the existence
of the likelihood ratio order for the location parameter µ. Blasi and Scarlatti (2012) have
also addressed the stochastic ordering of the SN distribution with respect to µ, α and the
dispersion parameter σ.

The present work is structured as follows: in Section 1, we recall the general definition
of the SUN distributions with some of their properties. Section 2 introduces some of the
stochastic orders that we shall consider in this work. In Section 3, we provide the main
results on the ordering of the SUN(1,q) distributions. Section 4 deals with the application of
the results obtained to both a reliability and a selection problems.

2. THE SUN(p,q) DISTRIBUTION

Let U and V be two Gaussian random vectors such that:

(2.1)
(

U

V

)
∼ Np+q(ξ,Ω∗), ξ =

(
µ

γ

)
,

where µ ∈ Rp, γ ∈ Rq and Ω∗ is a non-singular variance covariance matrix.

The correlation matrix associated with Ω∗ is:

Ω̄∗ =
(

Ω̄ ∆
∆t Γ

)
,

where Ω̄ ∈ Rp × Rp, Γ ∈ Rq × Rq, ∆ ∈ Rp × Rq.
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Let Ω = σΩ̄σ, where σ is a diagonal matrix of order p with elements σ1, σ2, ..., σp

representing the standard deviations of the U components.

Definition 2.1. A random vector X with values in Rp is said to have a SUN(p,q)

distribution if

(2.2) X
d= U |(V > 0),

where V > 0 means that each component of V is greater than 0.

The probability density function of X is then given by:

(2.3) fX(x) = φp(x− µ;Ω)
Φq

(
γ + ∆tΩ̄−1σ−1(x− µ);Γ−∆tΩ̄−1∆

)
Φq(γ;Γ)

,

where x ∈ Rp and φn(·; Σ), Φn(·; Σ) are the probability density function (pdf) and the cumula-
tive distribution function (cdf) of the multivariate normal distribution Nn(0,Σ), respectively.

The distribution of X is denoted SUN(p,q)(µ,Ω,γ,Γ,∆) where µ is the location param-
eter, Ω the dispersion parameter, γ the truncation parameter and ∆ the shape parameter.
Its expectation is given by (see Azzalini and Bacchieri, 2010):

(2.4) E(X) = µ + σ∆
∇Φq(γ,Γ)
Φq(γ,Γ)

,

where ∇Φq(γ,Γ) is the gradient vector at point γ of Φq(·,Γ).

If p = 1 and q = 1, we get Ω = σ2. In addition, for Γ = 1 and by letting ∆ = ρ, this
distribution is the so-called Extended Skew Normal distribution (ESN) and it admits the
following pdf (Arnold and Beaver, 2002):

(2.5) f(x) =
φ(x−µ

σ ) Φ
(

γ+ρ(x−µ
σ

)√
1−ρ2

)
σΦ(γ)

, x ∈ R,

where φ(·) and Φ(·) are the standard normal pdf and cdf respectively.

The expectation of X simplifies to:

(2.6) E(X) = µ + σρλ(γ),

where λ(γ) = φ(γ)
Φ(γ) is the inverse Mills’ ratio.

Remark 2.1. Arnold and Beaver (2002) wrote the density in (2.5) using a different
parametrization:

(2.7) f(x) =
φ(x−µ

σ ) Φ
(
α0 + α1(x−µ

σ )
)

σΦ
(

α0√
1+α2

1

) , where α0 ∈ R, α1 ∈ R,

with α0 =
γ√

1− ρ2
and α1 =

ρ√
1− ρ2

.
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Alternatively, we may as well use:

ρ =
α1√

1 + α2
1

and γ =
α0√

1 + α2
1

.

When γ = 0, the ESN distribution reduces to the SN(µ, σ2, α1) distribution introduced by
Azzalini (1985), while for γ = 0 and ρ = 0 the normal distribution N(µ, σ2) is obtained. The
distribution of X is denoted ESN(µ, σ, γ, ρ) or ESN(µ, σ, α0, α1).

3. STOCHASTIC ORDERS

In this section, we recall the definitions and some properties of the stochastic orders
that we will use in the sequel. These are mainly based on the following references: Shaked
and Shanthikumar (2007) and Muller and Stoyan (2002).

Definition 3.1. Let X1 and X2 be two real random variables with cdf F1 and F2 and
pdf f1 and f2, respectively.

• X1 is said to be smaller than X2 in the sense of the usual stochastic order (or smaller
in distribution) and we denote X1 ≤st X2, if:

(3.1) F̄1(x) ≤ F̄2(x), ∀x ∈ R,

where F̄1, F̄2 represent the survival functions of X1 and X2, respectively, i.e. F̄1(x) =
1− F1(x) and F̄2(x) = 1− F2(x), or equivalently, if:

(3.2) F1(x) ≥ F2(x), ∀x ∈ R.

This stochastic or distributional order is known in economic theory as first-order
stochastic dominance.

• X1 is said to be smaller than X2 in the sense of the likelihood ratio order and we
denote X1 ≤lr X2 if:

(3.3)
f2(x)
f1(x)

is increasing in x, ∀x ∈ I;

where I is the union of the supports of X1 and X2.

• X1 is said to be smaller than X2 in the sense of increasing convex order and we
denote X1 ≤icx X2 if:

(3.4)
∫ ∞

y
F̄1(x)dx ≤

∫ ∞

y
F̄2(x) dx, ∀y ∈ R.

• X1 is said to be smaller than X2 in the sense of increasing concave order and we
denote X1 ≤icv X2 if:

(3.5)
∫ y

−∞
F1(x)dx ≥

∫ y

−∞
F2(x) dx, ∀y ∈ R.

The increasing concave stochastic order is also known in the literature as second-
order stochastic dominance.
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• X1 is smaller than X2 in the sense of the less dangerous order, denoted by X1 ≤D X2,
if:

– ∃t0 ∈ R such that F1(t) ≤ F2(t), ∀t < t0 and F1(t) ≥ F2(t), ∀t ≥ t0;
– E(X1) ≤ E(X2).

The following proposition connects these stochastic orders.

Proposition 3.1. The above partial orders verify the following implications:

• X1 ≤lr X2 ⇒ X1 ≤st X2 ⇒ X1 ≤icv X2;

• X1 ≤st X2 ⇒ X1 ≤icx X2;

• X1 ≤D X2 ⇒ X1 ≤icx X2.

Several properties stem from these definitions. We give some of them in the following:

Proposition 3.2.

1. X1 ≤st X2 if and only if there is a positive Y random variable such that X2
d=

X1 + Y ;

2. If X1 ≤st X2 then E(X1) ≤ E(X2);

3. If X1 ≤st X2 and E(X1) = E(X2), then X1 et X2 have the same distribution, i.e.

F1 = F2;

4. ORDERING OF SUN(1,q) DISTRIBUTIONS

In this section, we study the stochastic ordering of the SUN(1,q) distributions for the
orders defined previously and relatively to each of its parameters, assuming that the others
are held constant.

Choosing p = 1 in (2.1), we obtain the SUN(1,q) density:

(4.1) fX(x) = φ(x− µ;σ2)
Φq

(
γ + ∆t(x−µ

σ );Γ−∆t∆
)

Φq(γ;Γ)
, x ∈ R.

where µ ∈ R, Ω = σ2 ∈ R∗
+, γ ∈ Rq and ∆ ∈ Rq.

Now, we state the main result of our work.

Theorem 4.1. Let X1 and X2 be two random variables with pdf f1 and f2 and cdf

F1 and F2, respectively. We have:

1. If X1 ∼ SUN(1,q)(µ1, σ, γ,Γ,∆), X2 ∼ SUN(1,q)(µ2, σ, γ,Γ,∆) and if µ1 ≤ µ2 then:

X1 ≤lr X2.
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2. If X1 ∼ SUN(1,q)(µ, σ,γ,Γ,∆) and X2 ∼ SUN(1,q)(µ, σ,γ ′,Γ,∆) with γ = (γ1, ...,

γi−1, γi, γi+1, ..., γq) and γ ′ = (γ1, ..., γi−1, γ
′
i, γi+1, ..., γq) and if γi ≤ γ′i then:

X1 ≥lr X2, for ∆ ≥ 0;

X1 ≤lr X2, for ∆ ≤ 0.

3. If X1 ∼ SUN(1,q)(µ, σ,γ,Γ,∆) and X2 ∼ SUN(1,q)(µ, σ,γ,Γ,∆′) with ∆ = (δ1, ...,

δi−1, δi, δi+1, ..., δq) and ∆′ = (δ1, ..., δi−1, δ
′
i, δi+1, ..., δq), and if δi ≤ δ′i then:

X1 ≤st X2.

4. If X1 ∼ SUN(1,q)(µ, σ1,γ,Γ,∆), X2 ∼ SUN(1,q)(µ, σ2,γ,Γ,∆) and if σ1 ≤ σ2 then:

X1 ≤icx X2, when ∆ ≥ 0;

X1 ≥icv X2, when ∆ ≤ 0.

Proof:

1. Arellano-Valle and Azzalini (2022) have established the log-concavity of the density
SUN(p,q). Moreover, we know that if g is a log-concave density in R, then the family g(x− θ)
has a monotone likelihood ratio with respect to θ (see Dharmadhikari and Joag-Dev, 1988),
i.e.:

If θ1 < θ2,
g(x− θ2)
g(x− θ1)

is an increasing monotone function of x.

As a result, for all µ1 < µ2 the ratio

f2(x)
f1(x)

=
f(x− µ2, 0, σ2,γ,Γ,∆)
f(x− µ1, 0, σ2,γ,Γ,∆)

is an increasing monotone function of x. �

2. We have

f2(x)
f1(x)

=
φ(x−µ

σ ) Φq

(
γ ′ + ∆t(x−µ

σ ),Γ−∆t∆
)

φ(x−µ
σ ) Φq

(
γ + ∆t(x−µ

σ ),Γ−∆t∆
) Φq(γ,Γ)

Φq(γ ′,Γ)
.

Note that Φq(γ,Γ)
Φq(γ ′,Γ) is a positive constant independent of x.

Consider the function g given by:

g(z) =
Φq(γ ′ + ∆z,Γ−∆∆t)
Φq(γ + ∆z),Γ−∆∆t)

, where z =
x− µ

σ
.

We have

dg(z)
dz

=
dΦq(γ ′+∆z,Γ−∆∆t)

dz Φq(γ + ∆z,Γ−∆∆t)− dΦq(γ+∆z,Γ−∆∆t)
dz Φq(γ ′ + ∆z,Γ−∆∆t)

Φ2
q(γ + ∆z,Γ−∆∆t)

.

Let u = γ + ∆z and u′ = γ ′ + ∆z. The derivative may then be written as follows:

dg(z)
dz

=

∑q
j=1

du′j
dz

∂Φq(u′,Γ−∆∆t)
∂uj

Φq(u,Γ−∆∆t)−
∑q

j=1
duj

dz
∂Φq(u,Γ−∆∆t)

∂uj
Φq(u′,Γ−∆∆t)

Φ2
q(u,Γ−∆∆t)

.
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Moreover, Φq has a decreasing reversed hazard rate (DRHR) since it is log-concave (see Ma,
2000), i.e.:

∂ lnΦq(u1, u2, ..., uq)
∂uj

is decreasing in uj , ∀j = 1, q.

For any ∆ ≥ 0, it holds then

q∑
j=1

δj

∂
(

lnΦq(u′,Γ−∆∆t)
)

∂uj
≤

q∑
j=1

δj

∂
(

lnΦq(u,Γ−∆∆t)
)

∂uj
,

⇔
q∑

j=1

δj

∂Φq(u′,Γ−∆∆t)
∂uj

Φq(u′,Γ−∆∆t)
≤

q∑
j=1

δj

∂Φq(u,Γ−∆∆t)
∂uj

Φq(u,Γ−∆∆t)
,

⇔ dg(z)
dz

≤ 0, ∀z ∈ R.

Similarly, for any ∆ ≤ 0, it holds then

q∑
j=1

δj

∂
(

lnΦq(u′,Γ−∆∆t)
)

∂uj
≥

q∑
j=1

δj

∂
(

lnΦq(u,Γ−∆∆t)
)

∂uj
,

which is equivalent to:
dg(z)
dz

≥ 0, ∀z ∈ R.

In conclusion, if γi ≤ γ′i, ∀i = 1, q, we have:

X1 ≥lr X2, for ∆ ≥ 0

and X1 ≤lr X2, for ∆ ≤ 0. �

3. Without loss of generality, we take i = 1 in the proof.

Referring to Azzalini and Bacchieri (2010), the cdf of X1 and X2 can be written as
follows:

F1(x) =
Φ1+q(x̃, Ω̃1)

Φq(γ,Γ)
, F2(x) =

Φ1+q(x̃, Ω̃2)
Φq(γ,Γ)

,

where

x̃ =
( x−µ

σ
γ

)
, Ω̃1 =

(
1 −∆

−∆t Γ

)
and Ω̃2 =

(
1 −∆′

−∆′t Γ

)
.

On the other hand, we know, from the Slepian’s inequality (Tong, 1990), that: if
X∼Nn(µ,Σ = (σij)) and Y ∼Nn(µ,Σ′ = (σ′ij)) with σii = σ′ii ∀i = 1, n and σij ≥ σ′ij ∀i 6= j

then:
Φn(a,Σ) ≥ Φn(a,Σ′), ∀a ∈ Rn.

In our case, if δ1 ≤ δ′1, we deduce that:

Φ1+q(x̃, Ω̃1) ≥ Φ1+q(x̃, Ω̃2),

and then,
F1(x) ≥ F2(x), ∀x ∈ R. �
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4. Using the following notation:

K(σ) =
∫ x

−∞
F (t)dt,

where F is the SUN(1,q) cdf, we have:

dK(σ)
dσ

=
d

dσ

(∫ x

−∞
F (t) dt

)
,

=
d

dσ

[∫ x

−∞

(∫ t−µ
σ

−∞

φ(z) Φq(γ + ∆tz,Γ−∆t∆)
Φq(γ,Γ)

dz

)
dt

]
,

=
1

Φq(γ,Γ)

∫ x

−∞

d

dσ

(∫ t−µ
σ

−∞
φ(z) Φq(γ + ∆tz,Γ−∆t∆) dz

)
dt,

=
1

Φq(γ,Γ)

∫ x

−∞
−(t− µ)

σ2
φ

(
t− µ

σ

)
Φq

(
γ + ∆t

(
t− µ

σ

)
,Γ−∆t∆

)
dt.

Integrating by parts and using the change of variable u = t−µ
σ , we get:

dK(σ)
dσ

=
1

Φq(γ,Γ)

∫ (x−µ)
σ

−∞
−u φ(u) Φq(γ + ∆tu,Ψ) du,

where Ψ = Γ−∆t∆.

Noting that φ(u)′ = −uφ(u), we get:

K ′(σ) =
1

Φq(γ,Γ)

[
φ

(
x− µ

σ

)
Φq

(
γ + ∆t

(
x− µ

σ

)
,Ψ
)]

−
∫ x−µ

σ

−∞
φ(u)

q∑
j=1

δj(∇Φq)j du,

where (∇Φq)j is the j-th element of the gradient vector of Φq(·,Ψ) at the point γ + ∆tu.
Recall that each gradient component of Φq(·, ·) is positive.

We deduce that K ′(σ) ≥ 0 if ∆ ≤ 0. Thus, X1 ≥icv X2.

If ∆ ≥ 0, we can show that X1 ≤D X2, which according to Proposition 3.1, will lead
to X1 ≤icx X2.

1) If σ1 < σ2 and t < µ, then we have:∫ t−µ
σ1

−∞
φ(z)

Φq(γ + ∆tz,Γ−∆t∆)
Φq(γ,Γ)

dz ≤
∫ t−µ

σ2

−∞
φ(z)

Φq(γ + ∆tz,Γ−∆t∆)
Φq(γ,Γ)

dz,

This is true because it is an integral of a product of positive functions which is
positive and increasing with respect to the bound. Thus we get:

(4.2) F1(t) ≤ F2(t), ∀t < µ, and F1(t) ≥ F2(t), ∀t ≥ µ.

2) Referring to equation (2.4), each component of the gradient vector ∇Φq being
positive, we conclude that: if σ1 < σ2 and ∆ ≥ 0, we have: E(X1) ≤ E(X2).

Thus, both conditions for the “D” order are verified. We deduce that X1 ≤icx X2.
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Remark 4.1. From Theorem 4.1, we deduce, that: if ∆ = (δ1, δ2, ..., δq) and ∆′ =
(δ′1, δ

′
2, ..., δ

′
q) with ∆′ ≤ ∆, then X1 ≤st X2. Similarly, if γ = (γ1, γ2, ..., γq) and γ ′ =

(γ′1, γ
′
2, ..., γ

′
q) with γ ≤ γ ′ and if ∆ ≥ 0 (∆ ≤ 0), then X1 ≥lr X2 (X1 ≤lr X2 respectively).

The following results on the stochastic ordering of ESN distributions stem immediately
from those established for SUN(1,q) distributions.

Corollary 4.1. Let X1 and X2 be two random variables of ESN distribution. We have:

1. If X1 ∼ ESN(µ1, σ, γ, ρ) and X2 ∼ ESN(µ2, σ, γ, ρ) with µ1 ≤ µ2, then:

X1 ≤lr X2.

2. If X1 ∼ ESN(µ, σ, γ1, ρ) and X2 ∼ ESN(µ, σ, γ2, ρ) with γ1 ≤ γ2, then:

X1 ≥lr X2, for ρ ≥ 0;

X1 ≤lr X2, for ρ ≤ 0.

3. If X1 ∼ ESN(µ, σ, γ, ρ1) and X2 ∼ ESN(µ, σ, γ, ρ2) with ρ1 ≤ ρ2, then:

X1 ≤st X2.

4. If X1 ∼ ESN(µ, σ1, γ, ρ) and X2 ∼ ESN(µ, σ2, γ, ρ) with σ1 ≤ σ2, then:

X1 ≤icx X2, for ρ ≥ 0;

X1 ≥icv X2, for ρ ≤ 0.

Remark 4.2. By adopting the parametrization ESN(µ, σ, α0, α1), each of the follow-
ing results is a direct consequence of Corollary 4.1:

1. If X1 ∼ ESN(µ, σ, α0, α1), X2 ∼ ESN(µ, σ, α′0, α1) and if α0 ≤ α′0, then we have:

X1 ≥lr X2, for α1 ≥ 0;

X1 ≤lr X2, for α1 ≤ 0.

2. If X1 ∼ ESN(µ, σ, α0, α1), X2 ∼ ESN(µ, σ, α0, α
′
1) and if α1 ≤ α′1, then we have:

X1 ≤st X2.

5. APPLICATIONS

In this section, we apply the previous results to two practical problems: the lifetime of
a system in reliability and a selection problem encountered in education.
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5.1. Lifetime of a system

Let X1, X2, ..., Xn be the lifetimes of the n components of a system. Let us denote by Z

the lifetime of the system distributed in parallel and U the lifetime of the system distributed
in series. We have:

Z = max(X1, X2, ..., Xn),

U = min(X1, X2, ..., Xn).

Assume that X = (X1, X2, ..., Xn)t follows an exchangeable normal distribution Nn(µ∗,Ω)
with µ∗ = µ1(n), where 1(n) = (1, 1, ..., 1)t ∈ Rn, Ω =

(
σ2ρij

)
1≤i≤j≤n

and ρij is given as fol-
low:

ρij =

{
ρ, if i 6= j, ∀i, j ∈ {1, ...n},

1, if i = j.

The cdf of Z is given by:

FZ(z) = P
(
max(X1, X2, ..., Xn) ≤ z

)

=
n∑

i=1

P

Xi ≤ z |
n⋂

j=1
j 6=i

{
Xj ≤ Xi

}P

 n⋂
j=1
j 6=i

{
Xj ≤ Xi

}.

The assumption of exchangeability implies that:

Xi |
n⋂

j=1
j 6=i

{
Xi −Xj ≥ 0

}
∼ SUN(1,n−1)(µ,0Rn−1 ,Ω∗), ∀i = 1, n;

with Ω∗ = σ2(1− ρ)[A(n) + 1(n)1t
(n)] and A(n) given by

A(n) =


ρ

1−ρ 0 ··· ··· 0
0 1 0 ··· 0
...

...
...

. . .
...

0 0 ··· 0 1

 ∈ Rn × Rn.

We deduce that: Z ∼ SUN(1,n−1)(µ,0Rn−1 ,Ω∗) because

n∑
i=1

P

 n⋂
j=1
j 6=i

{
Xj ≤ Xi

} = 1.

The associated correlation matrix Ω̄∗ is then:

(5.1) Ω̄∗ =
(

1 ∆
∆t Γ

)
,

where ∆ =
√

1−ρ
2 1t

(n−1), Γ = 1
2I(n−1) + 1

21(n−1)1t
(n−1) and I(n−1) is the identity matrix of

order n− 1.
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On the other hand, we have U = −max(−X1,−X2, ...,−Xn). We deduce that U ∼
SUN(1,n−1)(µ,0Rn−1 ,Ω∗∗) where Ω∗∗ = σ2(1− ρ)[B(n) + 1(n)1t

(n)] and B(n) is the following
matrix:

B(n) =


ρ

1−ρ −2 ··· ··· −2
−2 1 0 ··· 0
...

...
...

. . .
...

−2 0 ··· 0 1

 ∈ Rn × Rn.

From (5.1), we obtain the associated correlation matrix below:

(5.2) Ω̄∗∗ =
(

1 −∆
−∆t Γ

)
;

The results of Theorem 4.1 allow us to conclude that:

• When all other parameters are held constant, the survival function is an increasing
function of µ for both variables Z and U .

• When all other parameters are held constant, the survival function decreases with ρ

for the variable Z and increases with ρ for the variable U .

• From equation (4.2), we deduce that the survival function of the variable Z increases
with σ for z ≥ µ while it decreases with σ for z < µ. The same result holds for the
variable U .

Corollary 5.1. Let Z1 and Z2 be the lifetimes of two parallel systems which are

characterized by the following parameters: µ1, ρ1 and σ2 for Z1 and µ2, ρ2 and σ2 for Z2.

The two systems have the same lifetime if and only if:

(5.3) µ1 − µ2 = σ

(√
1− ρ2

2
−
√

1− ρ1

2

)
1t

(n−1)

∇Φn−1(0Rn−1 ,Γ)
Φn−1(0Rn−1 ,Γ)

.

Proof: It is obvious that if FZ1(z) = FZ2(z) then equation (5.3) holds and therefore
(µ1 − µ2)(ρ1 − ρ2) < 0.

Now, for the sufficient condition, let Z ′
1 be the lifetime of a parallel system which is

characterized by the parameters µ2, ρ1 and σ2.

From the results of Theorem 4.1, we have:

µ1 ≤ µ2 ⇒ Z1 ≤st Z ′
1,(5.4)

ρ1 ≥ ρ2 ⇒ Z ′
1 ≤st Z2.(5.5)

Thus, from (5.4) and (5.5), we find that:

ρ1 ≥ ρ2 and µ1 ≤ µ2 ⇒ Z1 ≤st Z2.

According to the last property of Proposition 3.2, to have FZ1(z) = FZ2(z), it is sufficient
that E(Z1) = E(Z2). This is equivalent to:

µ1 − µ2 = σ

(√
1− ρ2

2
−
√

1− ρ1

2

)
1t

(n−1)

∇Φn−1(0Rn−1 ,Γ)
Φn−1(0Rn−1 ,Γ)

.
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5.2. Selection problems

We now consider selection problems which have been studied in particular by Birnbaum
(1950) and Birnbaum and Chapman (1950). These problems invoke the so-called selection
distributions (Arellano-Valle et al., 2006) which reduce in some cases to SUN distributions.

Equation (2.2) can be interpreted as the selection of individuals in a population using
the variable of interest U under the constraint V > 0, where V is the truncation variable.
The distribution of Z

d= U |V > τ , τ ∈ Rq, is called a selection distribution and when the
vector (U t,V t)t follows a normal distribution, we recover the SUN distribution.

For example, U can stand for a student’s baccalaureate grade and V for his Math grade.
In this case, since p = 1, q = 1 and under the assumption of normality made on the vector
(U t,V t)t, Z follows the ESN distribution. According to (2.5), the pdf of Z is:

fZ(z) =
1
σ

φ

(
z − µ

σ

)
Φ

(
ρ ( z−µ

σ ) + γ̃√
1− ρ2

)/
Φ(γ̃),

where γ̃ = −( τ−γ
σ′ ) and σ′ is the scale parameter of V . Then Z ∼ ESN(µ, σ2, ρ, γ̃).

We select the individuals according to the grade obtained at the baccalaureate exam
under the condition that the Math grade exceeds τ . The proportion of students retained
(admission rate) is equal to:

P (Z ≥ zα) = P (U ≥ uα |V > τ),

= α.(5.6)

In this example, V can be a vector, if for instance we consider the vector V = (V1, V2) of
Math and Physics grades. In this case, we have:

Z
d= U |V1 > τ1, V2 > τ2.

Under the assumption of normality made on the vector (U ,V t)t, Z ∼ SUN(1,2)

(
µ, σ2,∆, γ̃,Γ

)
with γ̃ = −σ′−1(τ − γ). Here, σ′ is the diagonal matrix of order 2 of elements σ′1, σ

′
2 which

correspond to the standard deviations of V1 and V2 respectively.

In the first case (p = 1, q = 1), we are interested in studying the variation of the pro-
portion of students retained as a function of some parameters of Z which are µ, σ2, ρ and γ̃,
the other parameters being held constant. Note that γ and σ′ are only involved through the
truncation parameter γ̃. The results stated in Corollary 4.1 imply that:

1. The admission rate is an increasing function of µ when the other parameters are
held constant, i.e.:

µ1 ≤ µ2 ⇒ F̄1(z) ≤ F̄2(z), ∀z ∈ R

2. The admission rate decreases with τ if ρ ≤ 0 and increases with τ if ρ ≥ 0 when
the other parameters are held constant, i.e.:

τ1 ≥ τ2 ⇒

{
ρ ≥ 0, F̄1(z) ≥ F̄2(z), ∀z ∈ R;

ρ ≤ 0, F̄1(z) ≤ F̄2(z), ∀z ∈ R.
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3. The admission rate increases with ρ when the other parameters are held constant,
i.e.:

ρ1 ≤ ρ2 ⇒ F̄1(z) ≤ F̄2(z), ∀z ∈ R.

Remark 5.1. The problem of determining the selection threshold τ for a given α

when the other parameters are held constant can be solved numerically by expressing (5.6)
using the bivariate normal distribution function (see Azzalini and Bacchieri, 2010, or Azzalini,
2014). This gives:

Φ2(z̃α,−ρ)
Φ(γ̃)

= 1− α, where z̃α =
(

zα − µ

σ
, γ̃

)t

.

5.2.1. Equality of two selection distributions

Consider two Gaussian vectors such that:(
U1

V1

)
∼ N2

((
µ1

ξ1

)
,Ω∗1

)
and

(
U2

V2

)
∼ N2

((
µ2

ξ2

)
,Ω∗2

)
.

We define Z1
d= U1|V1 > τ1, Z2

d= U2|V2 > τ2 and F1, F2 their respective cdf.

We know that Z1 ∼ ESN(µ1, σ
2
1, ρ1, γ̃1) and Z2 ∼ ESN(µ2, σ

2
2, ρ2, γ̃2).

We are interested to know under which conditions it holds that F̄1(z) = F̄2(z), ∀z ∈ R.

For instance, if we consider the same variables as those defined in the previous example
with U1 and V1 corresponding to high school A, U2 and V2 corresponding to high school B, we
may ask the question: “under which conditions will the admission rate in both high schools
be the same?”

We propose to solve the problem when two parameters are held constant.

Corollary 5.2. Let Z1 ∼ ESN(µ1, σ
2
1, ρ1, γ̃1) and Z2 ∼ ESN(µ2, σ

2
2, ρ2, γ̃2). Then

F̄1(z) = F̄2(z) if and only if one of the following holds:

(i) When γ̃1 = γ̃2 = γ̃ and σ1 = σ2 = σ,

(5.7) µ1 − µ2 = σλ(γ̃)(ρ2 − ρ1).

(ii) When µ1 = µ2 = µ and σ1 = σ2 = σ,

(5.8)
λ(γ̃1)
λ(γ̃2)

=
ρ2

ρ1
.

(iii) When σ1 = σ2 = σ and ρ1 = ρ2 = ρ,

(5.9) µ1 − µ2 = σρ
(
λ(γ̃2)− λ(γ̃1)

)
.

Proof: The proof is analogous to the one given for Corollary 5.1.



540 S. Merabet and R. Messaci

Remark 5.2. Corollary 5.2 allows one to draw the following conclusions for the con-
sidered example:

• To prevent a change in the admission rate if the correlation ρ between the baccalau-
reate grade and the Math grade increases when τ and σ are held constant, it is
necessary to lower the average baccalaureate grade.

• To get a similar admission rate in the two high schools when µ and σ are held
constant, it is necessary to vary the selection threshold τ and ρ in opposite directions.
This problem has been discussed by Birnbaum (1950) who established that the
selection threshold τ is a decreasing function of |ρ|.

• To get a similar admission rate in both high schools when ρ and σ are held constant,
it is necessary to vary the selection threshold τ and the average baccalaureate grade µ

in opposite directions when ρ is positive and vary them in the same direction when
ρ is negative .

6. CONCLUSION AND FUTURE WORK

In the present paper, we compare the univariate Unified Skew Normal distributions ac-
cording to some classical criteria (usual stochastic order, increasing concave order, increasing
convex order and the likelihood ratio order) and give two applications to both a reliability
and a selection problems. A natural sequel of this work concerns the extension to the multi-
variate Unified Skew Normal family SUN(p,q) with p > 1 and to the more general class of the
multivariate Unified Skew Elliptical distributions SUEp,q (Arellano-Valle and Azzalini, 2006).
This requires the use of multivariate stochastic orders as defined, for example, in Shaked and
Shanthikumar (2007). In this connection, Yin et al. (2024) recently considered the special
case of the multivariate Skew Elliptical distributions (Azzalini and Capitanio, 2003) for some
criteria: Hessian order, increasing Hessian order as well as many of their special cases.

As mentioned in the introduction, both SUN(p,q) and SUE(p,q) families introduce skew-
ness, in addition SUE(p,q) introduce kurtosis. So, it would be of great interest to compare the
above distributions relatively to these features. In the literature, several skewness and kurto-
sis orderings and measures have been defined, among them the well-known convex transform
order of Van Zwet (1964). For the univariate case, we can refer to Arnold and Groeneveld
(1992) and MacGillivray (1986). Much less work has been devoted to the multivariate case.
Belzunce et al. (2015) extended the convex transform order to the multivariate setting. For the
particular case of skew-normal vectors, Arevalillo and Navarro (2019) have introduced a new
multivariate skewness order based on the canonical transformation of these vectors. He also
established that the univariate Skew Normal family is ordered for the skewness parameter α

according to the convex transform order.

On the other hand, Loperfido (2015) revisited some usual measures of the multivari-
ate skewness: Mardia’s skewness (Mardia, 1970), partial skewness (Davis, 1980), directional
skewness (Malkovich and Afifi, 1973) and established relationships between them. Later,
Loperfido (2017) defined a new kurtosis matrix as alternative for the existing measures of
multivariate kurtosis.
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1. INTRODUCTION

Does the structure of the Fisher Information Matrix (FIM, hereafter) matter in model
specification and selection? Does the FIM matter in testing and/or in inference analysis
particularly in the two way random effects panel data model? Which FIM results are more
relevant or appealing? Observed or exact FIM results?

This paper seeks to get the FIM of the two-way random effects panel data model
in the absence or presence of heteroscedasticity. The approach developed follows that in
Baltagi (2021), Baltagi and Griffin (1988), Baltagi et al. (2006), Holly and Gardiol (2000),
Kouassi et al. (2014), Lejeune (2006), Nadarajah (2006a) and Randolph (1988). The FIM
crucially depends on the variance covariance matrix. This matrix is obtained in four cases
(homoscedasticity, heteroscedasticity on the unobservable individual effect, heteroscedasticity
on the composite term and heteroscedasticity on both individual and composite terms); the
paper does not consider groupwise heteroscedasticity or group membership heteroscedasticity
as well as cluster heteroscedasticity (see Baum, 2006; Feng et al., 2020; and Kouassi et al.,
2014) for example on the unobservable time effect.

This paper rather focuses on an alternative simple procedure for obtaining the FIM
that accounts for homoscedasticity and/or various heteroscedasticity schemes in the two-way
random effect model. It proposes a case-by-case approach rather than an elaborated sequence
of steps and built-in functions used by earlier researchers.

The contributions of this paper are therefore twofold: (i) the derivation of the FIM
based on different forms of homoscedasticity and/or heteroscedasticity; an important aspect
in model specification; (ii) and thereby the exploration of how to choose the correct model
specification in this context.

To do that, we develop a new and efficient procedure for computing the FIM in the
two-way random effect model; the new procedure is obtained under homoscedasticity as well
as well as various cases of heteroscedasticity.

The remainder of the paper is organized as follows: Section 2 describes the mathemat-
ical problem to be addressed. Section 3 sets out some preliminary results. Section 4 presents
the main results while Section 5 discusses some computational issues. Section 6 provides two
real data examples with discussions. Section 7 concludes the paper.
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2. THE MATHEMATICAL PROBLEM

This section deals with the mathematical problem to address and some background
information.

2.1. The FIM and related problem

We are interested in the derivation and computation of the FIM for the two-way ran-
dom effects model (commonly encountered in theoretical as well as empirical studies) in the
presence of various forms of heteroscedasticity.

Let Y = (Y1, ..., Yn) be a random sample, and let f(Y |θ) denote the probability density
function for some model of the data, which has parameter vector θ = (θ1, ..., θr)′. Then the
FIM In(θ) of sample size n is given by the r × r symmetric matrix whose ij-th element is

(2.1) In(θ)i,j = −E
[
∂2 ln f(Y |θ)
∂θi ∂θj

]
.

This definition strictly corresponds to the expected FIM. If no expectation is taken we obtain
a data-dependent quantity that is called the observed FIM. We are interested in the derivation
and computation of the expected FIM for the two-way random effects panel data model in
the presence of heteroscedasticity.

2.2. The two way error components model

We consider the following two way error components model

(2.2) yit = α+X ′
itβ + uit; i = 1, ..., N ; t = 1, ..., T

with i denoting households, individuals, firms, countries, etc., and t denoting time. The
subscript i, therefore, denotes the cross-section dimension whereas t denotes the time-series
dimension. yit is the dependent variable for i at time t. β is a K × 1 scalar, Xit is it-th ob-
servation on K explanatory variables. In this paper, we deal with two-way error components
disturbances

(2.3) uit = µi + λt + νit,

where µi denotes the unobservable individual effect, λt denotes the unobservable time effect
and νit is the remainder stochastic disturbance term. µi, λt account for any individual specific
effect or time-specific effect not included in the regression. In vector form, (2.2) can be written
as

(2.4) u = Zµµ+ Zλλ+ ν,

where Zµ = IN ⊗ iT , IN is an identity matrix of dimension N , iT is a vector of ones of
dimension T and ⊗ denotes Kronecker product. Zµ is a selector matrix of ones and zeros,
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or simply the matrix of individual dummies included in the regression to estimate the µi

(assuming they are fixed parameters to be estimated). Likewise, Zλ = iN ⊗ IT is the matrix
of time dummies of ones which may be included in the regression to estimate the λt (assuming
they are fixed parameters to be estimated). µ, λ and ν are defined as in Baltagi (2021).

In vector form (2.2) can be written as

(2.5) y = αiNT +Xβ + u = Zγ + u,

where y is NT × 1, X is NT ×K, Z = [iNT , X], γ′ = (α′, β′) and iNT is a vector of ones.

2.3. Variance-covariance matrix of u

To obtain the variance-covariance matrix of the overall error term u, we assume the
following.

Assumption A1 (General case). The vectors λ, ν and µ are pairwise independent.
Each of them is identically and independently normally distributed with mean 0 and variances
σ2

λIT , σ2
ν diag(hν(w′iθν)) and σ2

µ diag(hµ(z′iθµ)). hν and hµ are differentiable functions from
R to R+, wi = (w1i, ..., wpi)′ ∈ Rp and zi = (z1i, ..., zqi)′ ∈ Rq are defined as in Baltagi et al.

(2006).

In the following, we set Dν = diag(hν(w′iθν)) and Dµ = diag(hµ(z′iθµ)). Based on the
general assumption A1, the variance-covariance matrix of the composite disturbance u is
defined by

Ω = E(uu′) = σ2
µZµDµZ

′
µ + σ2

λZλZ
′
λ + σ2

νDν ⊗ IT .

Therefore,
Ω = σ2

µDµ ⊗ iT i
′
T + σ2

λiN i
′
N ⊗ IT + σ2

νDν ⊗ IT

which can be simplified to

(2.6) Ω = σ2
ν(Dν ⊗ IT ) + σ2

µ(Dµ ⊗ JT ) + σ2
λ(JN ⊗ IT )

with JT = iT i
′
T and JN = iN i

′
N .

2.4. Inverse of error variance-covariance matrix: Ω−1

In order to get Ω−1, we use the spectral decomposition in Wansbeek and Kapteyn
(1982). After replacing JN by NJN , IN by EN + JN , JT by TJT and IT by ET + JT and
collecting terms with the same matrices, we obtain

(2.7) Ω =
[
σ2

νDν + σ2
λJN

]
⊗ ET +

[
σ2

νDν + Tσ2
µDµ + σ2

λJN

]
⊗ JT .

The spectral decomposition allows us to write

(2.8) Ω−1 = C1 ⊗ ET + C2 ⊗ JT
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with C1 = ζ(σ2
νDν , 0) and C2 = ζ(σ2

νDν , σ
2
µDµ), where

ζ(X1, X2) =
[
X1 + TX2 + σ2

λ

(
iN i

′
N

)]−1

= (X1 + TX2)
−1 −

σ2
λ(X1 + TX2)

−1JN (X1 + TX2)
−1(

1 + σ2
λi
′
N (X1 + TX2)

−1iN

) .

The formula used to obtain the inverse ofX1 +TX2 +σ2
λ(iN i′N ) is provided by Bartlett (1951).

3. SOME PRELIMINARY RESULTS

This section deals with the derivation of E
[
−d2`(θ|u)

]
, where `(θ|y) is the log-likelihood

of observations. The relationship between this expectation and the FIM is given by

E
[
−d2`(θ|y)

]
=

r∑
i=1

r∑
j=1

E
[
−∂

2`(θ|y)
∂θi ∂θj

]
dθi dθj

=
r∑

i=1

r∑
j=1

In(θ)i,j dθi dθj

= (dθ)′In(θ) (dθ),(3.1)

where dθ = (dθ1, ..., dθr)′.

3.1. First order derivatives of the log-likelihood function

If µi, λt and νit are independent and identically normally distributed (from assump-
tion A1), the joint distribution of y = (y11, ..., y1T , y21, ..., y2T , ..., yN1, ..., yNT )′ is the
NT -multivariate normal distribution and the likelihood of the observations is

L(θ|y) =
1

(2π)
NT
2 |Ω|

1
2

exp
(
−1

2
(y −Xβ)′Ω−1(y −Xβ)

)
.

Since u = y −Xβ,

L(θ|u) =
1

(2π)
NT
2 |Ω|

1
2

exp
(
−1

2
u′Ω−1u

)
.

By taking the logarithm of the likelihood of observations

(3.2) `(θ|u) = lnL(θ|u) = C − 1
2

ln |Ω| − 1
2
u′Ω−1u,

where θ = (σ2
ν , σ

2
µ, σ

2
λ, θ

′
ν , θ

′
µ, β

′)′ ∈ Rr (with r = p+ q+ k+3) is the vector of parameters and
C = −NT

2 ln(2π) is a constant.

We observe that the log-likelihood is continuous and at least twice differentiable with
respect to each parameter. The first and second order differentials are given by the following.
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Lemma 3.1. The first order differential of L is

(3.3) d`(θ|u) = −1
2
tr
(
Ω−1dΩ

)
− u′Ω−1du+

1
2
u′Ω−1dΩ · Ω−1u.

The differential of u is du = −Xdβ. The differential of Ω is

dΩ = (Dν ⊗ IT )dσ2
ν + (Dµ ⊗ JT )dσ2

µ + (JN ⊗ IT )dσ2
λ

+ σ2
ν

p∑
j=1

(D∗
ν,j ⊗ IT )dθν,j + σ2

µ

q∑
j′=1

(D∗
µ,j′ ⊗ JT )dθµ,j′ ,(3.4)

where D∗
ν,j =

∂Dν

∂θν,j
for j = 1, ..., p and D∗

µ,j′ =
∂Dµ

∂θµ,j′
for j′ = 1, ..., q.

Proof of Lemma 3.1: We have

d`(θ|u) = 0− 1
2
d ln |Ω| − 1

2
d
(
u′Ω−1u

)
= −1

2
tr
(
Ω−1dΩ

)
− 1

2
d
(
u′Ω−1u

)
,

where we used the formula d ln |Ω| = tr
(
Ω−1dΩ

)
. We also have

d
(
u′Ω−1u

)
= d

(
u′Ω−1u

)
u

+ u′d
(
Ω−1

)
u

=
∂

∂u

(
u′Ω−1u

)
du+ u′dΩ−1u

= 2u′Ω−1du− u′Ω−1dΩ · Ω−1u,

where we used the fact that dX−1 = −X−1dX ·X−1.

3.2. Second order derivatives of the log likelihood function

Lemma 3.2. The second order differential of L is

d2`(θ|u) =
1
2
tr
(
Ω−1dΩ · Ω−1dΩ

)
− 1

2
tr
(
Ω−1d2Ω

)
− u′Ω−1dΩ · Ω−1dΩ · Ω−1u+

1
2
u′Ω−1d2Ω · Ω−1u

+ u′Ω−1dΩ · Ω−1du− du′Ω−1du.(3.5)

Proof of Lemma 3.2: We have

d2`(θ|u) = −1
2
tr
(
d
[
Ω−1dΩ

])
− d
(
u′Ω−1du

)
+

1
2
d
(
u′Ω−1dΩ · Ω−1u

)
= −1

2
γ1 − γ2 +

1
2
γ3,

where

γ1 = tr
(
d
(
Ω−1

)
dΩ + Ω−1d2Ω

)
= tr

(
−Ω−1dΩ · Ω−1dΩ + Ω−1d2Ω

)
= −tr

(
Ω−1dΩ · Ω−1dΩ

)
+ tr

(
Ω−1d2Ω

)
,

γ2 = d
(
u′Ω−1du

)
= d
(
u′Ω−1du

)
u

+ d
(
u′Ω−1du

)
Ω

= d
(
u′Ω−1

)
u
du+ u′Ω−1d(du)u + u′d

(
Ω−1

)
Ω
du

= du′Ω−1du+ 0− u′Ω−1dΩ · dΩ−1du
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and
γ3 = d

(
u′Ω−1dΩ · Ω−1u

)
= d

(
u′Ω−1dΩ · Ω−1u

)
u

+ d
(
u′Ω−1dΩ · Ω−1u

)
Ω

= 2u′Ω−1dΩ · Ω−1du+ γa
3 ,

where

γa
3 = d

(
u′Ω−1dΩ · Ω−1u

)
Ω

= d
(
u′Ω−1

)
Ω
dΩ · Ω−1u+ u′Ω−1d

(
dΩ · Ω−1u

)
Ω

= d
(
u′Ω−1

)
Ω
dΩ · Ω−1u+ γb

3 = −u′Ω−1dΩ.Ω−1dΩ.Ω−1u+ γb
3

with

γb
3 = u′Ω−1d

(
dΩ · Ω−1u

)
Ω

= u′Ω−1
[
d2Ω · Ω−1u+ dΩ · d

(
Ω−1

)
u
]

= u′Ω−1d2Ω · Ω−1u− u′Ω−1dΩ · Ω−1dΩ · Ω−1u.

We deduce the final result (3.5).

3.3. Expectation of d2`

By taking the expectation of −d2`(θ|u), we obtain after some algebra the following
Lemma.

Lemma 3.3. Assuming that |d2`(θ|u)| is integrable,

(3.6) E
(
−d2`(θ|u)

)
=

1
2
tr
(
Ω−1dΩ.Ω−1dΩ

)
+ dβ′X ′Ω−1Xdβ.

Proof of Lemma 3.3: The proof uses the equality

E
(
u′Au

)
= E

(
tr
(
u′Au

))
= E

[
tr(Auu′)

]
= tr

(
E
[
(Auu′)

])
= Atr

(
Ω
)
,

where u is a random vector and A is a matrix of constant terms. The expectation of d2` is
then given by

E
(
d2`(θ|u)

)
=

1
2
κ0 −

1
2
κ1 − κ2 +

1
2
κ3 + κ4 − κ5,

where

κ0 = tr
(
Ω−1dΩ · Ω−1dΩ

)
,

κ1 = tr
(
Ω−1d2Ω

)
,

κ2 = E
[
u′Ω−1dΩ · Ω−1dΩ · Ω−1u

]
= tr

[
Ω−1dΩ · Ω−1dΩ · Ω−1E(uu′)

]
= tr

[
Ω−1dΩ · Ω−1dΩ · Ω−1Ω

]
= tr

[
Ω−1dΩ · Ω−1dΩ

]
,

κ3 = E
[
u′Ω−1d2Ω · Ω−1u

]
= tr

[
Ω−1d2Ω

]
,

κ4 = E
[
u′Ω−1dΩ · Ω−1du

]
= −E

[
u′Ω−1dΩ · Ω−1Xdβ

]
= −E

[
u
]′Ω−1dΩ · Ω−1Xdβ = 0

and

κ5 = E
[
du′Ω−1du

]
= E

[
dβ′X ′Ω−1Xdβ

]
.
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We obtain that κ1 = κ3, κ4 = 0 and κ0 = κ2. We deduce that E
(
d2`(θ|u)

)
= −1

2κ0 − κ5 and
E
(
−d2`(θ|u)

)
= 1

2κ0 + κ5 which is the desired result.

The following is an important Lemma based on symmetric matrices.

Lemma 3.4. If A is a symmetric and square matrix of order p+ q, for a given vector

z = (x, y) ∈ Rp+q, where x = (x1, ..., xp)′ ∈ Rp, y = (y1, ..., yq)′ ∈ Rq, we have the following

equality

z′Az = x′Apx+ 2x′Ap,qy + y′Aqy,

where

A =
[
Ap Ap,q

A′p,q Aq

]
,

where Ap, Aq and Ap,q are matrices of dimensions of (p, p), (q, q) and (p, q) respectively.

Proof of Lemma 3.4: The proof of this Lemma is straightforward.

4. MAIN RESULTS

We now turn to the main results obtained in this paper. The vector of parameters is
denoted by θ = (θ1, ..., θr)′, where θ1 = σ2

ν ; θ2 = σ2
µ; θ3 = σ2

λ;
(
θj+3 = θν,j

)
1≤j≤p

;
(
θj+p+3 =

θµ,j

)
1≤j≤q

and
(
θq+p+3+j = βj

)
1≤j≤k

. We denote by θ the vector of dimension (p+ q + 3)
defined by θj = θj for j = 1, ..., p+ q + 3. The following proposition gives the relationship
between the FIM at θ, the FIM at θ and the FIM at β.

Proposition 4.1. If dθ = (dθ′, dβ′)′ with dβ = (dβ1, ..., dβk)′ ∈ Rk and dθ = (dσ2
ν ,

dσ2
µ, dσ

2
λ, {dθν,j}j=1,...,p, {dθµ,j}j=1,...,q)

′ ∈ Rp+q+3, we have

(dθ)′In(θ)(dθ) = (dθ)′In(θ)(dθ) + 2(dθ)′In(θ, β)(dβ) + (dβ)′In(β)(dβ),(4.1)

where

In(θ) =

 In(θ) In(θ, β)

In(θ, β) In(β)


and

In(θ) = E
[
−∂

2`(u|θ)
∂θi ∂θj

]
1≤i,j≤p+q+3

, In(β) = E
[
−∂

2`(u|θ)
∂βi ∂βj

]
1≤i,j≤k

,

In(θ, β) = E
[
−∂

2`(u|θ)
∂θi ∂βj

]
1≤j≤k

1≤i≤p+q+3

.

Proof of Proposition 4.1: Using Lemma 3.4, the proof is straightforward.
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At this stage, computing the FIM requires the derivation of tr
(
Ω−1dΩ.Ω−1dΩ

)
. By

multiplying dΩ (given in (3.4)) with the expression of Ω−1 from equation (2.8), we obtain

Ω−1dΩ = [C1Dν ⊗ ET + C2Dν ⊗ JT︸ ︷︷ ︸
Ω1

]dσ2
ν +

(
C2Dµ ⊗ TJT︸ ︷︷ ︸

Ω2

)
dσ2

µ

+ [C1JN ⊗ ET + C2JN ⊗ JT︸ ︷︷ ︸
Ω3

]dσ2
λ +

p∑
j1=1

(
σ2

ν(C1D
∗
ν,j1 ⊗ ET + C2D

∗
ν,j1 ⊗ JT )︸ ︷︷ ︸

Ω3+j1

)
dθν,j1

+
q∑

j2=1

(
σ2

µ(C2D
∗
µ,j2 ⊗ TJT )︸ ︷︷ ︸

Ωp+3+j2

)
dθµ,j2 =

p+q+3∑
j=1

Ωj dθj =
r−k∑
j=1

Ωj dθj .

We deduce that the trace of Ω−1dΩ.Ω−1dΩ is

tr
(
Ω−1dΩ.Ω−1dΩ

)
=

r−k∑
i=1

r−k∑
j=1

tr(ΩiΩj) dθi dθj .

From Lemma 3.3, the expectation of −d2`(u|θ) can be written as

Eθ

[
−d2`(u|θ)

]
=

r−k∑
i=1

r−k∑
j=1

1
2
tr(ΩiΩj) dθi dθj + (dβ)′(X ′Ω−1X) (dβ).(4.2)

By comparing equations (3.1), (4.1) and (4.2), we deduce that

In(θ, β) = O with In(β) = X ′Ω−1X.

The derivation of the FIM In(θ) is then based on the derivation of In(θ). From equation (4.2),
the terms of In(θ) are given by In(θ)i,j = ai,j = 1

2tr(ΩiΩj) or in matrix form as

In(θ) =



a1,1 a1,2 a1,3 a1,4
1×p a1,5

1×q

a2,1 a2,2 a2,3 a2,4
1×p a2,5

1×q

a3,1 a3,2 a3,3 a3,4
1×p a3,5

1×q

a4,1
p×1 a4,2

p×1 a4,3
p×1 a4,4

p×p a4,5
p×q

a5,1
q×1 a5,2

q×1 a5,3
q×1 a5,4

q×p a5,5
q×q


.

In(θ) is a symmetric block matrix where the terms in boxes are also matrices with the
dimensions indicated at the top of the boxes. We need to evaluate the components of θ:

ai,j = aj,i =
1
2
tr(ΩiΩj) for i, j ∈ {1, 2, 3};

ai,4(j1) = a′4,i(j1) =
1
2
tr(ΩiΩj1+3) for i = 1 : 3 and for j1 = 1 : p;

ai,5(j2) = a′5,i(j2) =
1
2
tr(ΩiΩp+3+j2) for i = 1 : 3 and for j2 = 1 : q;

a4,4(j1, j2) =
1
2
tr(Ωj1+3Ωj2+3) for 1 ≤ j1, j2 ≤ p;

a4,5(j1, j2) = a′5,4(j1, j2) =
1
2
tr(Ωj1+3Ωj2+p+3) for 1 ≤ j1 ≤ p, 1 ≤ j2 ≤ q;

a5,5(j1, j2) =
1
2
tr(Ωj1+p+3Ωj2+p+3) for 1 ≤ j1, j2 ≤ q.
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Remark 4.1. In order to evaluate the components of θ, we will use the fact that
ETJT = O, E2

T = ET , tr
(
JT

)
= 1 and tr

(
ET

)
= T − 1.

From the Remark 4.1 we will show how the components of θ can be written in terms
of C1, C2, JN , Dν and Dµ.

To illustrate the computation of ai,j , we give, for example, the details of calculating a1,1.
By the definition, a1,1 = 1

2tr(Ω2
1) with Ω2

1 = C1DνC1Dν ⊗ E2
T + C1DνC2Dν ⊗ ETJT +

C2DνC1Dν⊗JTET +C2DνC2Dν⊗J
2
T . Nowusing the fact that ETJT =O, E2

T =ET , J2
T = JT ,

tr
(
JT

)
= 1, tr

(
ET

)
= T−1 and taking the trace of Ω2

1, we obtain a1,1 = (T−1)
2 tr

[
C1DνC1Dν

]
+

1
2tr
[
C2DνC2Dν

]
. The other coefficients are obtained in the same way. The coefficients are

given in Appendix A.

Remark 4.2. A quick inspection of the elements of In(θ) in Appendix B reveals that
they are all written as linear combinations of tr

(
C1M1C2M2

)
, where M1 ∈ {diag(ηi), JN} and

M2 ∈ {diag(ψi), JN} [i.e. either diagonal matrices or square matrices of ones].

To have the final expressions of ai,j , it suffices to evaluate the quantity tr
(
C1M1C2M2

)
in the following cases:

Case 1: tr
(
C1M1C2M2

)
, where M1 = diag(ηi) and M2 = diag(ψi) are diagonal ma-

trices.

Case 2: tr
(
C1M1C2M2

)
, where M1 = JN and M2 = diag(ψi) or M1 = diag(ηi) and

M2 = JN , that is one is a diagonal matrix while the other is a square matrix
of ones.

Case 3: tr
(
C1M1C2M2

)
, where M1 = JN and M2 = JN are all square matrices of

ones.

Before evaluating the three previous quantities above, we make the following important
remark to ease the calculation of traces.

Remark 4.3. Using the expressions of C1 and C2 given by equation (2.9), we can
prove that

Cl = D−1
l −

σ2
λD

−1
l JND

−1
l

1 + σ2
λi
′
ND

−1
l iN

= ς(Dl, 0), l = 1, 2,

with D1 = diag(ϑ−1
i ) and D2 = diag(φ−1

i ).

In fact, by definition of C1 and C2, we have C1 = ς(σ2
νDν , 0) and C2 = ς(σ2

νDν , σ
2
µDµ)

which can also be written as C2 = ς(σ2
νDν + Tσ2

µDµ, 0). We then deduce that

(4.3) ϑ−1
i = σ2

νhν(w′iθν) and φ−1
i = σ2

νhν(w′iθν) + Tσ2
µhµ(z′iθµ).

We can also observe that in the case of homokedasticity, ϑi = 1/σ2
ν and φi = 1/(σ2

ν + Tσ2
µ).
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5. SOME COMPUTATIONAL ISSUES

If we derive a specific formula for the calculation of tr
(
C1M1C2M2

)
, it will definitively

ease the computation of the FIM In(θ) and thereby that of the FIM In(θ). We consider
matrices D1, D2, C1, C2, M1 and M2 as defined earlier. According to the definition of M1

and M2, tr
(
C1M1C2M2

)
is obtained through the real valued functions Ψi (i = 1, 2, 3) given

by the following propositions.

Proposition 5.1. If M1 = diag(ηi) 6= iN i
′
N and M2 = diag(ψi) 6= iN i

′
N then

tr
(
C1M1C2M2

)
= Ψ1(ϑ, η, φ, ψ)

= 〈η � ϑ, ψ � φ〉 −
σ2

λ〈η � ϑ, ψ � φ� φ〉
1 + σ2

λi
′
Nφ

−
σ2

λ〈η � ϑ� ϑ, ψ � φ〉
1 + σ2

λi
′
Nϑ

+
σ4

λ〈η, ϑ� φ〉 〈ψ, ϑ� φ〉
(1 + σ2

λi
′
Nϑ) (1 + σ2

λi
′
Nφ)

(5.1)

with 〈·, ·〉 and � denoting the inner and Hardamar products, respectively.

Proof of Proposition 5.1: The proof follows since

tr
(
C1M1C2M2

)
= tr

[(
D−1

1 M1 −
σ2

λD
−1
1 i′N iND

−1
1 M1

1 + σ2
λi
′
ND

−1
1 iN

)(
D−1

2 M2 −
σ2

λD
−1
2 i′N iND

−1
2 M2

1 + σ2
λi
′
ND

−1
2 iN

)]

= tr
(
D−1

1 M1D
−1
2 M2

)
−
σ2

λi
′
ND

−1
2 M2D

−1
1 M1D

−1
2 iN

1 + σ2
λi
′
ND

−1
2 iN

−
σ2

λi
′
ND

−1
1 M1D

−1
2 M2D

−1
1 iN

1 + σ2
λi
′
ND

−1
1 iN

+
σ4

λ

(
i′ND

−1
1 M1D

−1
2 iN

)(
i′ND

−1
2 M2D

−1
1 iN

)(
1 + σ2

λi
′
ND

−1
1 iN

)(
1 + σ2

λi
′
ND

−1
2 iN

)
=

N∑
i=1

ϑiηiψiφi −
σ2

λ

∑N
i=1 ηiϑiψiφ

2
i

1 + σ2
λ

∑N
i=1 φi

−
σ2

λ

∑N
i=1 ηiϑ

2
iψiφi

1 + σ2
λ

∑N
i=1 ϑi

+
σ4

λ

(∑N
i=1 ϑiηiφi

)(∑N
i=1 ϑiψiφi

)
(
1 + σ2

λ

∑N
i=1 ϑi

)(
1 + σ2

λ

∑N
i=1 φi

)
= 〈η � ϑ, ψ � φ〉 −

σ2
λ〈η � ϑ, ψ � φ� φ〉

1 + σ2
λi
′
Nφ

−
σ2

λ〈η � ϑ� ϑ, ψ � φ〉
1 + σ2

λi
′
Nϑ

+
σ4

λ〈η, ϑ� φ〉 〈ψ, ϑ� φ〉
(1 + σ2

λi
′
Nϑ) (1 + σ2

λi
′
Nφ)

.

Proposition 5.2. If M1 = diag(ηi) and M2 = iN i
′
N , then

(5.2) tr(C1M1C2M2) = Ψ2(ϑ, η, φ) =
〈η, ϑ� φ〉(

1 + σ2
λi
′
Nϑ
)(

1 + σ2
λi
′
Nφ
) .

For M1 = iN i
′
N and M2 = diag(ψi), we just need to interchange the subscripts 1 and 2 leading

to Ψ2(η, ϑ, φ).
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Proof of Proposition 5.2: We have

tr
(
C1M1C2M2

)
= tr

(
i′ND

−1
1 M1D

−1
2 iN

)
−
σ2

λ(i′ND
−1
2 iN )(i′ND

−1
1 M1D

−1
2 iN )

1 + σ2
λi
′
ND

−1
2 iN

−
σ2

λ(i′ND
−1
1 M1D

−1
2 iN )(i′ND

−1
1 iN )

1 + σ2
λi
′
ND

−1
1 iN

+
σ4

λ

(
(i′ND

−1
1 M1D

−1
2 iN )

)(
i′ND

−1
2 iN

)
(i′ND

−1
1 iN )(

1 + σ2
λi
′
ND

−1
1 iN

)(
1 + σ2

λi
′
ND

−1
2 iN

) .

Now if B = i′ND
−1
1 M1D

−1
2 iN (which is a scalar), observing that i′ND

−1
1 iN = i′Nϑ and

i′ND
−1
2 iN = i′Nφ, we have

tr
(
C1M1C2M2

)
= B −

σ2
λ(i′Nφ)B

1 + σ2
λi
′
Nφ

−
σ2

λB(i′Nϑ)
1 + σ2

λi
′
Nϑ

+
σ4

λB(i′Nφ)(i′Nϑ)(
1 + σ2

λi
′
Nϑ
)(

1 + σ2
λi
′
Nφ
)

=
B(

1 + σ2
λi
′
Nϑ
)(

1 + σ2
λi
′
Nφ
) =

〈η, ϑ� φ〉(
1 + σ2

λi
′
Nϑ
)(

1 + σ2
λi
′
Nφ
) .

We deduce that for M1 = iN i
′
N and M2 = diag(ψi),

tr(C1M1C2M2) = tr(C1M2C2M1)

=
〈ψ, ϑ� φ〉

(1 + σ2
λi
′
Nφ)(1 + σ2

λi
′
Nϑ)

since tr(IJ) = tr(JI) for any matrices I and J where the matrix product holds.

Proposition 5.3. If M1 = iN i
′
N = M2, then

(5.3) tr(C1M1C2M2) = Ψ3(ϑ, φ) =
(i′Nφ)(i′Nϑ)

(1 + σ2
λi
′
Nφ)(1 + σ2

λi
′
Nϑ)

.

Proof of Proposition 5.3: Since for the case M2 = iN i
′
N the result depends on M1

through B (B is the matrix used in the proof of Proposition 5.2), replacing M1 by iN i′N in
the expression of B, we immediately obtain

tr(C1M1C2M2) =
i′ND

−1
2 M1D

−1
1 iN

(1 + σ2
λi
′
ND

−1
2 iN )(1 + σ2

λi
′
ND

−1
1 iN )

=
(i′ND

−1
2 iN )(i′ND

−1
1 iN )

(1 + σ2
λi
′
ND

−1
2 iN )(1 + σ2

λi
′
ND

−1
1 iN )

=
(i′Nφ)(i′Nϑ)

(1 + σ2
λi
′
Nφ)(1 + σ2

λi
′
Nϑ)

.

Before stating the important result that gives the final expression of the FIM, we
introduce the following notations:

Dν = diag(hν(w′iθν)) = diag(ηi) with ηi = hν(w′iθν);

Dµ = diag(hµ(z′iθµ)) = diag(ηi) with ψi = hµ(z′iθµ);

D∗
ν,j = diag(h′ν(ω

′
iθν)wi,j) = diag(ηj

i ) with ηj
i = h′ν(ω

′
iθν)ωi,j ;

D∗
µ,j = diag(h′µ(z′iθµ)zi,j) = diag(ψj

i ) with ψj
i = h′µ(z′iθµ)zi,j ;

C1 = ς(D1, 0) with D1 = diag(ϑ−1
i );

C2 = ς(D2, 0) with D2 = diag(φ−1
i );

where ϑ−1
i = σ2

νhν(w′iθν) and φ−1
i = σ2

νhν(w′iθν) + Tσ2
µhµ(z′iθµ). We also set ηj = (ηj

i )
N
i=1;

η = (ηi)N
i=1; ψ

j = (ψj
i )

N
i=1; ψ = (ψi)N

i=1; φ = (φi)N
i=1 and ϑ = (ϑi)N

i=1.
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Proposition 5.4. If y is a two-way error components model in the form y = Xβ + u,

where u satisfies assumption A1, the FIM evaluated at θ is

In(θ) =

[
In(θ) O

O X ′Ω−1X

]
,

where the coefficients of In(θ) described in Appendix B are now written in terms of

Ψ1(ϑ, η, φ, ψ), Ψ2(ϑ, η, φ) and Ψ3(ϑ, φ). These expressions are given in Appendix C.

Proof of Proposition 5.4: The proof is straightforward, see Appendix B.

We can summarize the use of our method in practice. Given a two way error components
model, the computation of the FIM is based on the following steps:

Step 1: Identify η = (ηi), ψ = (ψi) which are the vectors derived from Dν = diag(ηi)
and Dµ = diag(ψi);

Step 2: Compute Ω (from equation (3.4)) and then Ω−1;

Step 3: Deduce values of ϑi and φi from equation (4.3);

Step 4: Identify η∗ = (ηj
i ) and ψ∗ = (ψj

i ) which are the matrices obtained fromD∗
ν,j =

diag(ηj
i ) for j = 1, ..., p and D∗

µ,j = diag(ψj
i ) for j = 1, ..., q;

Step 5: Obtain values of the parameters θ ∈ Rp+q+3+k (which can be estimated using
some observations);

Step 6: Observations xi,t for i=1,...,N and t=1,...,T are needed to computeX ′Ω−1X.

The above information is input in our code named FIM.FUN. The code has been written
in the R language and is available as supplementary material.

6. TWO REAL DATA EXAMPLES

We now consider two real data examples to illustrate the above analysis. For con-
sistency and comparative purposes, asymptotic as well as exact results are obtained in the
homoscedasticity case while only exact results are obtained in the heteroscedasticity case.

6.1. Example 1: Public capital productivity (Homoscedasticity case)

6.1.1. Model specification

Following Munnell (1990) and Baltagi and Pinnoi (1995), we re-consider the follow-
ing Cobb–Douglas production relationship investigating the productivity of public capital in
private production:

(6.1) ln(yit) = β0 + β1 ln(Pcit) + β2 ln(PSit) + β3 ln(Lit) + β4Uempit
+ µi + λt + εit,
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where yit = gross state product; Pcit = public capital; PSit = private capital; Lit = labour
input as payrolls; Uempit

= unemployment rate; β0, ..., β4 = coefficients to be estimated; µi =
the unobservable individual effect; εit = the rest of the perturbation. Data are from 48
US states (i.e. N = 48) observed over the period 1970 to 1986, (i.e. T = 7). The data are
obtained from the Wiley web site at www.wiley.com/go/baltagi3e. Following a common
unjustified practice (Baltagi, 2021; Baltagi and Pinnoi, 1995; Feng et al., 2020; Munnell,
1990; Su et al., 2013; and Wu and Zhu, 2011), we assume that errors are homoscedastic.
We consider estimating the above model based on four estimators:

(i) Swamy and Arora (residuals obtained from solving a system of 3 equations);

(ii) Wallace and Hussain (OLS residuals);

(iii) Wansbeek and Kapteyn (LSDV residuals);

(iv) maximum likelihood (ML residuals).

Results based on the following restrictions

(i) (β1 = 0) (one restriction);

(ii) (β1 = 0, β2 = 0); (β1 = 0, β3 = 0); (β1 = 0, β4 = 0) (two restrictions); and

(iii) (β1 = 0, β2 = 0, β3 = 0); (β1 = 0, β2 = 0, β4 = 0) and (β1 = 0, β3 = 0, β4 = 0)
(three restrictions)

are reported below.

6.1.2. Results

In Table 1a estimations are done based on the FIM based on the observed information
matrix. Rather, in Table 1b we used the FIM which relies on exact information matrix
developed by the authors.

The results are based on the FIM with homoscedastic errors. In Table 1a, results
clearly indicate that irrespective of the estimator used and no matter how many restrictions
are used, public capital remains important and productive in private production. The results
are consistent with the study by Baltagi and Pinnoi (1995) and Munnell (1990). In Table 1b
the FIM is now based on exact information matrix. Comparing Table 1a and 1b, we notice
that results are close. This means that asymptotic results based on the Central Limit Theorem
adequately approximate our results in many cases.

6.1.3. Discussion

Some inconsistencies still exist when applying the linear restriction tests. For example,
the number of times some test results are not available (i.e. NA) remain relatively high.
Possible reason could be that the sample size is not very large. This could explain why the
Wald (W), Likelihood ratio (LR) and Lagrange multiplier (LM) tests give negative values.

www.wiley.com/go/baltagi3e
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6.2. Example 2: Public capital productivity (Double Heteroscedasticity case)

6.2.1. Model specification

We still consider the model described previously, i.e.

(6.2) ln(yit) = β0 + β1 ln(Pcit) + β2 ln(PSit) + β3 ln(Lit) + β4Uempit
+ µi + λt + εit,

Next, we assume that the analysis is more complex and thereby proceed methodically.
As will be seen later, the FIM here is based on heteroscedasticity of the two errors involved.
The following steps are important to understand results reported in Table 2.

6.2.2. Total number of parameters

The total number of parameters is 16 since θν ∈ R4 and θµ ∈ R4 (in fact they correspond
to four independent variables).

6.2.3. Existence of heteroscedasticity

We check the possibility of single or double heteroscedasticity on the individual term
(µi) as well as on the rest of the perturbation (νit). Indeed, the double heteroscedasticity
case based on the above data set is confirmed following Feng et al. (2020), using the so
called L1, L2 and L3 tests (see e.g. Feng et al., 2020). This step is crucial because having
heteroscedasticity on the individual term (µi) or on the rest of the perturbation (νit) or both
will obviously affect the structure of the variance covariance matrix of the error terms and
thereby the FIM.

6.2.4. Expression of the variances

For the variances, we use the expression given in Roy (2002) such that σ2
νit

= σ2
ν(1+θ′νxi.)2

and σ2
µi

= σ2
µ(1 + θ′µxi.)2, where xi. is the vector of four values corresponding to the mean

of each independent variable. Roy (2002) also proposed some alternative forms by replacing
(1 + δ′xi.)2 by exp(δxi.) for δ ∈ {θν , θµ}. As results, we present the Wald, LR and LM tests
obtained by the approximations described in Baltagi et al. (2006) and then obtain the same
statistics with our approach, assuming the existence of heteroscedasticity and estimating the
parameters θν and θµ by maximum likelihood. Then, we re-calculate the previous tests in
the case of heteroscedasticity.
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6.2.5. Forms of heteroscedasticity

In the absence of any discrimination test, we consider all potential forms of heteroscedas-
ticity. In the literature, four potential cases exist:

(i) hν(x) = (1 + x)2 and hµ(x) = (1 + x)2,

(ii) hν(x) = (1 + x)2 and hµ(x) = exp(x),

(iii) hν(x) = exp(x) and hµ(x) = (1 + x)2, and

(iv) hν(x) = exp(x) and hµ(x) = exp(x).

To conserve space and for the sake of conciseness, we present results related to case (i). Cases
(ii), (iii) and (iv) results are available as supplementary material.

6.2.6. Results

In Table 2 the FIM involves exact information matrix based on double heteroscedasticity
on the unobservable individual term as well as on the rest of the perturbation; since as
previously indicated double heteroscedasticity case based on the above data set is confirmed
using the so called L1, L2 and L3 tests (see e.g. Feng et al., 2020). It should be noticed
that using any other information matrix (for example based on heteroscedasticity on the
unobservable individual term or the rest of the perturbation) would have resulted in serious
mis-specification and thereby mis-leading results.

Results reported are based on the FIM with exact information matrix and with double
heteroscedastic errors; a case not addressed by existing testing procedures. Results clearly
indicate that irrespective of the estimator used and no matter how many restrictions are
used, public capital remains essential in private production. The results which are consistent
with the study by Baltagi and Pinnoi (1995) and Munnell (1990) are based on a new testing
procedure.

6.2.7. Discussion

Some inconsistencies have been resolved. For example, the number of times some test
results are not available remains relatively reasonable. A possible reason could be that the
correct specification is used and the information is based on exact information. Note also in
this case that the Hessian matrix is always invertible. The advantages of our new approach
based on heteroscedasticity compared to the homoscedastic case are that

(i) correct specification is used;

(ii) correct information matrix is considered;

(iii) correct estimated standard errors and the associated t-statistics are reported;

(iv) correct F-statistics and their probabilities are reported;

(v) testing procedure based on Wald, LR and LM tests is now using correct informa-
tion and therefore gives fewer puzzling results.
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6.2.8. Further comments

Some questions remain pending:

(i) What if heteroscedasticity was not considered when there is one or double het-
eroscedasticity? A case of mis-specification and thereby misleading results since
the appropriate variance-covariance matrix and thereby the appropriate FIM has
not been taken into account.

(ii) What if heteroscedasticity was only on the individual term, µi; when double het-
eroscedasticity has been assumed? Additional computations undertaken indicate
some misleading and puzzling results as this is a serious case of mis-specification.

(iii) What if heteroscedasticity was only on the rest of the perturbation, νit; when
double heteroscedasticity or no heteroscedasticity has been assumed? Again, this
case a serious case of mis-specification and would lead to serious inconsistencies.

(iv) Other inappropriate cases not mentioned here will lead to mis-specifications as
well.

7. FINAL REMARKS

Correct model specification and selection have severe effects on modeling exercises.
In this context, the Fisher Information Matrix (FIM) is critical. In this paper, we present
a new approach to estimating the FIM in the specific case of the two-way random effects
panel data model with and without heteroscedasticity. This is an attempt to possibly re-
solve earlier complexity in the use of the famous Cramer–Rao inequality statistic, an impor-
tant aspect of which is the FIM. We derive the FIM of the two-way random effects panel
data model in general as well as in specific cases of heteroscedasticity and homoscedasticity.
Some examples based on real data are provided.
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A. APPENDIX: Derivation of the coefficients ai,j , ai,j(i), ai,j(j), ai,j(i, j)

The coefficients ai,j and ai,j are given by

a1,1 =
(T − 1)

2
tr
[
C1DνC1Dν

]
+

1
2
tr
[
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]
,
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T 2

2
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2
tr
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+

1
2
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2
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B. APPENDIX: Proof of Proposition 5.4

The terms of In(θ) are written in terms Ψ1, Ψ2 and Ψ3 by replacing tr(C1M1C2M2) by
the corresponding Ψi according to the following rule: C1 ↔ ϑ, C2 ↔ φ, Dν ↔ ψ and Dµ ↔ η.
For example,

a1,1 =
(T − 1)

2
tr
[
C1DνC1Dν

]
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1
2
tr
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]
=
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2
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We obtain the other terms in the following way:
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Ψ3(ϑ, ϑ) +

1
2
Ψ3(φ, φ),

a1,2 = a2,1 =
T

2
Ψ1(φ, η, φ, ψ),

a1,3 = a3,1 =
(T − 1)

2
Ψ2(ϑ, η, ϑ) +

1
2
Ψ2(φ, η, φ),

a2,3 = a3,2 =
T

2
Ψ2(φ, ψ, φ),

a1,4(i) = σ2
ν

(
T

2
Ψ1(φ, ψ, φ, ηi)

)
, i = 1 : p,

a1,5(j) = σ2
µ

(
T

2
Ψ1(φ, η, φ, ψj

)
, j = 1 : q,

a2,4(i) = σ2
ν

(
T

2
tr
[
C2DµC2D

∗
ν,i

])
, i = 1 : p,

a2,5(j) = σ2
µ

(
T 2

2
Ψ1(φ, ψ, φ, ψj)

)
, j = 1 : q,

a3,4(i) = a′4,3(i) = σ2
ν

(
(T − 1)

2
Ψ2(ϑ, ηi, ϑ) +

1
2
Ψ2(φ, ηi, φ)

)
, i = 1 : p,

a3,5(i) = σ2
µ

(
T

2
Ψ2(φ, ψj , φ)

)
, j = 1 : q,

a4,4(i, j) = σ4
ν

(
(T − 1)

2
Ψ1(ϑ, ηi, ϑ, ηj) +

1
2
Ψ1(φ, ηi, φ, ηj)

)
, 1 ≤ i, j ≤ p,

a4,5(i, j) = a′5,4(i, j)σ
2
µσ

2
ν

(
T

2
tr
[
C2D

∗
ν,iC2D

∗
µ,j

])
, 1 ≤ i,≤ p; 1 ≤ j ≤ q,

a5,5(i, j) = σ4
ν

(
T 2

2
Ψ1(φ, ψi, φ, ψj)

)
, 1 ≤ i, j ≤ q.
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C. APPENDIX: Gradient of logarithm of likelihood function

By Lemma 3.1,

d`(θ|u) = −1
2
tr
(
Ω−1dΩ

)
− u′Ω−1du+

1
2
u′Ω−1dΩ · Ω−1u.

Since from Proposition 4.1, Ω−1dΩ =
r−k∑
j=1

Ωjdθj , we have

d`(θ|u) = −1
2

r−k∑
j=1

tr(Ωj)dθj + u′Ω−1Xdβ +
1
2

r−k∑
j=1

u′Ωj · Ω−1udθj ,

where

tr(Ω1) = (T − 1)tr(C1Dν) + tr(C2Dν),

tr(Ω2) = T tr(C2Dµ),

tr(Ω3) = (T − 1)tr(C1JN ) + tr(C2JN ),

tr(Ω3+j1) = σ2
ν

(
tr(C1D

∗
ν,j1)(T − 1) + tr(C2D

∗
ν,j1)

)
, 1 ≤ j1 ≤ p,

tr(Ωp+3+j2) = σ2
µtr(C2D

∗
µ,j2)T, 1 ≤ j2 ≤ q.

We then deduce that

∂`(θ|u)
∂σ2

ν

= −1
2
[(T − 1)tr(C1Dν) + tr(C2Dν)] +

1
2
u′Ω1Ω−1u,

∂`(θ|u)
∂σ2

µ

= −1
2
[T tr(C2Dµ)] +

1
2
u′Ω2Ω−1u,

∂`(θ|u)
∂σ2

λ

= −1
2
[(T − 1)tr(C1JN ) + tr(C2JN )] +

1
2
u′Ω3Ω−1u,

∂`(θ|u)
∂θ∗ν,j1

= −1
2
[
σ2

νtr(C1D
∗
ν,j1)(T − 1) + σ2

νtr(C2D
∗
ν,j1)

]
+

1
2
u′Ω3+j1Ω

−1u, 1 ≤ j1 ≤ p,

∂`(θ|u)
∂θ∗µ,j2

= −1
2
[
σ2

µtr(C2D
∗
µ,j2)T

]
+

1
2
u′Ω3+p+j2Ω

−1u, 1 ≤ j2 ≤ q,

∂`(θ|u)
∂βk

= u′Ω−1X[k], 1 ≤ k ≤ K.
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